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AHHOTaU,HH 


B flaHHofi pa6oTe ,n,aeTCH nojiHoe o6ocHOBaHne MeTo^a KaHOHimecKHx HopMiipoBOK no- 
jiHB^pajibHBix KOMnjieKCOB noflbeMa pa36iieHHH eBKjiHflOBa npocTpaHCTBa. Ilpefljio- 

xceH HOBbiii KOM6iiHaTopHO-reoMeTpHHecKiiii no/pcofl k nocTpoeHHio nceHepaTpiicbi pa36ii- 
emra Ha ocHOBe onepapim no^'beMa rpami ^;o yxce nocTpoeHHoro coce^a. 

Ha ocHOBe H3jio»ceHHoro o6ru;ero no^xo/ja /i,aeTCH HOBoe, cymecTBeHHO coKparpeHHoe no 
cpaBHeHiiio c PTMeroipiTMHCH. reoMeTpiinecKoe ,n,OKa3aTejibCTBO c^yH^aMeHTajibHofl Teope- 
mbi H3 Teopiiii napajiJiejiOBflpoB, hto fljia ,zj;aHHoro napajuiejioaflpa P nraoTe3a BopoHoro 
BepHa Toiyja h TOjibKO TOiyja, Koiyja pjm cooTBeTCTByiomero pasSnemiH Tp cymecTByeT 
KaHOHimecKaH HopMiipoBKa. 

KjifO'iCBbie cjiOBa: napajuiejiopupbi, rnnoTe3a BopoHoro, /Kenopaipiica. KanoirnnecKan 
HOpMHpOBKa 

YAK 514.174 + 514.87 
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reoMeTpra no^eMOB pa36HeHHH eBKjiH^OBbix 

npocTpaHCTB 

A.A. TaBpHJIKDK 
27 HHBapH 2015 r. 


1 BBe^eHHe, ocHOBHbie noHaTHa 

1.1 Pa36netme Ha napajuiejioa^pbi h no^teMbi pasSHemra 

Ochobbi TeopHH napajuiejiosflpoB 6 but it 3ajio>KeHbi b paSoTe KpHCTajuiorpacJia E.C. Oe^opoBa 
(5 (1885) h 6bijih c4)opMyjnipoBaHBi fljia pa3MepHocTii 3. B oOiyeM cjiynae rf-MepHBiM napaAAe- 
jioadpoM Ha3BiBaeTca BBinyKjiBiH eBKjiH^OB MHororpaHHiiK P, KOTopBifi cboiimh napajuiejiBHBiMii 
KonraMH pa36iiBaeT npocTpaHCTBo HopMajiBHBiM o6pa30M, to ecTB Tax, hto nepecenemie 
jhoSbix ^Byx MHororpaHHiiKOB jih6o nycTO, jih6o HBjineTCH hx o6ru;eH pejiofi rpaHBio HeKOTopofi 
pa3M6pHocTii. Ba>KHoe cbohctbo, cBursuiBaioTTiye napajuiejios^pBi c Teopiiefl nuceji — to, t ito 
peHTpui napajuiejios^poB o6pa3yioT a?-MepHyio pejionHCJieHHyio pemeTKy A d (P) b HexoTopoM 
6a3Hce npocTpaHCTBa E d J2j. 

T. Mhhkobckhh [3| ^;oKa3aji 3aMenaTejiBHyio TeopeMy, flaiomyio HeoSxo^HMBie ycjioBHs toto, 
hto BBinyKjiBifi MHororpaHHiiK 5TBJI5T6TC5I napajiJiejios^poM: 

TeopeMa (Mhhkobckhh). Ecau P — d-Mepnuu napa/uie/ioadp, mo (1) MHosospannuK P 
i^eumpaAbHo-cuMMempuneH, (2) ece ezo zunepzpauu yeumpaAbuo-cuMMempunHU. 

no3,n;Hee sth ycjioBHH 6 bijih ,zi;onojiHeHBi erpe o^hhm: 

TeopeMa (Bchkob, A ejIOHe )- IJpoeKyuA, d-Mepnozo napaAAeAoodpa P edoAb Kao+cdou ezo 
(d — 2)-zpanu ua donoAHumeAbnym 2-MepHym nAOCKoemb neAAemcA au6o napaAAeAOzpciMM om, 
au6o yeumpaAbHo-cuMMempuAHUM mecmuyzoAbnuKOM. 

Aonroe BpeMH sto ycjioBHe TaKxce npimHCBiBajiocB MnHKOBCKOMy, o^Haxo hh b opnrHHajiB- 
hoh paSoTe [3], hh b npoHHx paSoTax Mhhkobckoto stot pe3yjiBTaT He tojibko He cc[)opMyjiH- 
poBaH hbho, ho, cyzpi no BceMy, h BOBce He ynoMimaeTCH. BnepBBie sto ycjioBHe ynoMHHaeTCH, 
no Been BH JT HMocTH, b paSoTe B.H. AeJioHe [3], o^HaKo KaK oT^ejiBHaa TeopeMa oho Taxnce He 
(JropMyjiPipyeTCH. JIhhib b cTaTBe B.A. BemcoBa [5j b 1954 ro^y (to ecTB nepe3 25 jieT nocjie 
nySjiHKapHH paGoTBi A ejIOHe 11 Sojiee neM nepe3 50 JieT nocjie BBixo^a b cbct paSoTBi Mhh- 
KOBCKOro) 3TII yCJIOBHH 6 bIJIH CoSpaHBI BMeCTe H GbIJIO nOKa3aHO, HTO BBinOJTHeHHH 3THX Tpex 
ycjiOBHii flocTaTOHHO, hto6bi BBinyKjiBiH MHororpaHHiiK hbjihjich napajuiejios^poM. 
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Opna H3 ochobhbix 3a,n;aH TeopHH napajuiejioa^poB — mixtax/iynne ajiropHTMa, nepenucjiH- 
rorpero fljia flaHHofi pa3MepHocTH Bee xoMSnHaTopHBie THnbi napajuiejiosppoB. 3Ta 3a,n;aHa pp 
chx nop ocTaeTcn HepememioH. P.X. BopoHon |6j nocTponji Teopmo napajuiejiosppoB cnepnajiB- 
Horo BH^;a, HBme hochih;hx ero ™a, h npHBeji ajiropnTM nepenHCJieHHH Bcex nx xoMSiiHaTopHBix 
TimoB. Ilofl napaAAe/ioadpoM Boponozo Py mbi noHHMaeM oSnacTB ^npnxjie HexoTopofi to men 
p H3 (i-MepHon pejionncjieHHon perueTXH A d C 

Py = {x G E J : ||x — p|| ^ ||x — q|| Vq G A d } 

JlerKo npoBepneTcn, t ito Taxaa oSnacTB flencTBHTejiBHo nBjineTcn napajuiejiosppoM. BopoHon 
BBicKa3aji rnnoTe3y o tom, hto jho6oh napajuiejiopnp oGrpero Bippa acJxJniHHo-sxBHBajieHTeH 
HexoTopoMy napajuiejiopnpy Py. ,I[,oxa3aTejiBCTBo stoh rnnoTe3bi 6ypeT o3HanaTB, hto anro- 
piiTM BopoHoro nepenucjineT n Bee KOMSnHaTopHBie Timni napajuiejiosppoB b oGrpeM cjiynae. 

HopMajiBHoe pasGuemie Tp Ha3BiBaeTcn npuMumueuuM b n-MepHoii rpaHn F n , 0 ^ n ^ 
d — 1, ecjin b 3Ton rpaHn cxop;htch b TonHocTH (d + 1 — n) d-MepHBix nneex pa36neHH2, hto 
HB jineTcn MiimiMajiBHO bo3mo>khbim KOJinnecTBOM ppiH 3ap;aHHBix n n d. CaMy rpaHB F n b 
T axoM cjiynae mbi 6ypeM Ha3BiBaTB npuMumuenou. Ecjih MHororpaHHHK npHMHTHBeH bo Bcex 
CBOHX /c-rpaHHX, TO OH Ha3BIBaeTCH k-npUMUmU6HUM. 

BopoHon p;oxa3aji cboio rnnoTe3y p;jih O-hphmhthbhbix napajuiejiosppoB (Ha3BiBaioTCH npo- 
cto npuMumueuuMu) . pasSneHiin Ha Taxue napajuiejiosppBi oh nocTponji cnepnajiBHyio 
(|)\ttkhhio — xceHepaTpiicy, rpacjnix Qp xoTopoft HBjiHeTCH (i-MepHOH rpamipeft neorpaniHien- 
hoto (d + l)-MepHoro nojnisppa h npoexTiipyeTCH b tohhocth b pasGnemie 7p. Qp npn stom 
ecTecTBeHHo paccMaTpiiBaTB xax noppbeM pa36HeHHH 7p Hap; E' :/ . 

O.K. >Khtomhpckhh [7] yciuinji TeopeMy BopoHoro h poxa3aji nmoTe3y pjis oneHB nnipo- 
koto Kjiacca — (d — 2)-hphmhthbhbix napajuiejiosppoB. 3to orpamiHeHne sxBHBajieHTHo TOMy, 
hto b xaxcpoii ( d — 2)-MepHOH rpaHH cxophtch poBHo 3 napajuiejiosppa h HBjiHeTCH, b Hexo- 
TopoM cMBicjie, caMBiM cjiaGniM orpaHHneHHeM (to ecTB paiorpHM caMBin chjibhbih pe3yjiBTaT), 
onpepejiaeMBiM nepe3 hphmhtiibhoctb. 3to cjiepyeT H3 npocToro HaGjnopeHHH, hto bchxhh 
fc-npHMHTHBHBifl napajuiejiospp (0 ^ k ^ d — 2), Tax>xe HBjineTCH (k + 1) -hpiimhthbhbim. 

Mhoto no3pHee, 6ojiee peTajiBHBiM paccMOTpeHHeM jioxajiBHofi cTpyxTypBi 6 bijih nojiyne- 
hbi pa3JiHHHBie ycHjisHHH cjiynaa: >J\HTOMHpcxoro: pjin 3-nepa3AOCHCuMux napajuiejiosppoB [8], 
npn odHoc6A3Hou 5-noeepxuocmu [9], pjiH cyMMBi napajuiejiosppa h oTpe3xa [1Q1 [TT] . AjiBTepHa- 
thbhbih nopxop x poxa3aTejiBCTBy THnoTe3Bi npepjioxaui P. 3ppaji [12] pjiH napajuiejiosppoB, 
HBJIiHOipHXCH 30H03^paMH. 

KoHCTpyxpHH no^teMa pasGriemm paccMaTpiiBaeTcn h ^jih o6ih;hx jioxajiBHo-xoHeHHBix 
pa36neHHH eBxjiH^oBa npocTpaHCTBa. B cjiynae hphmhthbhbix pa36neHHH nofl^eM mojxho co- 
BepmaTB 6e3 ,n;onojiHHTejiBHBix xoHCTpyxpHH. JXjiz stoto cnepBa Ha^;o c^ejiaTB npoH3BOJiBHBifl 
corjiacoBaHHBiH no^x-eM ^Byx HanajiBHBix cmcjxhbix rf-nneex. flocTaTOHHo ,ri;o6aBjiHTB x 

y>xe no^HHTOMy ynacTxy HOBBie no^T.eMBi, CMe>XHBie c xaxofi-TO o^hoh ho^hhtoh Hnefixofl no 
THneprpaHH, a c ypyroii — xoth 6bi no pe6py. Kax noxa3aHo b |13j . npn d F 3 pnn xoHen- 
hbix npiiMHTHBHBix pa36iieHHil Taxoe nocTpoeHHe Bcer^a xoppexTHo onpe^ejineT o^H03HaHHBifl 
no^xeM. 

o6 ttt hx pa36HeHHH Taxoe nocTpoeHHe MonceT oxa3aTBCH HecorjiacoBaHHBiM, nosTOMy 
TpeSyioTCH ^onojiHHTejiBHBie orpaHHneHHn. TaxiiM orpaHHneHHeM o6bihho cjiynaiT cyipecTBo- 
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BaHHe opmosoHa/ibHo-dyajibHoeo MHoixecTBa: xaacfloii HHeftxe paaGnemia conocTaBjineTCH toh- 
Ka Taxoro MHontecTBa. Ilpn btom 0Tpe30K, coe^HHHroinHH tohxh ^jia cmcxchbix nneex, flojiaceH 
6 bitb opToroHajieH hx o6m,eH rrmeprpaHH [H]. Ha npaxTiixe nocTpoeHiie Taxoro MHoixecTBa (h 
b Taxon 4)opMyjnipoBKe) SbiBaeT 3aTpyn,HHTejiBHo. 

KaHOHiinecxne HopMiipoBXH, BnepBBie noHBHBiHHecH b “hhctom” BH^e, no Been bh^hmo- 
CTH, B [S], C OflHOH CTOpOHBI OXBIIBajieHTHBI XOHCTpyxpHII OpTOrOHajIBHO-^yajIBHBIX MHOJKeCTB, 
c flpyron — no3BOJimoT 6ojiee 3 ({k{)('kthbtio paSoTaTB c jioxajiBHOH cTpyxTypoii pasOneHiTH. 
He cMOTpn Ha nonBHBmnecn b nocjie^Hee BpeMn pe3yjiBTaTBi, nojiyneHHBie npn noMonpi otoh 
T eXHHKH HIE], nojmoro ee oSocHOBamiH HHKor^a He 6 bijio npiiBe^eHo: HMeroiyHecn H3Jio:>xe- 
Hiia Hcnojib3yioT ^pyrne sKBHBajieHTHBie xoHCTpyxrpm h HcxjiiOHHTejiBHo aHajiriTimecKoe hx 
omicamie. 

B flaHHoii pa6oTe npHBe^eHo nojiHoe caMo^ocTaTonHoe oSocHOBamie MeTo^a xaHOHnnecxiix 
HopMiipoBOK (c e^HHCTBeHHofi cymecTBeHHo HcnojiB3yeMOH ccbijixoh Ha TeopeMv ll.4p . npiiBe- 
fleH hobbih reoMeTpHnecKHH noflxofl k nocTpoeHHio xceHepaTpiicBi pa36iieHHH o6ru;ero BH^a Ha 
ocHOBe onepapHH no^teMa rpaHii ^o paHee no^HHToro coce^a (onpe^ejieHiie 12.11) . npiiBe^eHBi 
reoMeTpHnecKiie ,n;oxa3aTejiBCTBa (TeopeMa 12.31 TeopeMa 12.101) Toro, hto b pe3yjiBTaTe Taxoro 
nocTpoeHHH nojiynaeTCH d-MepHoe nojins^pajibHoe MHoroo6pa3He, orpaHHHHBaiomee BBinyx- 
jibih nojiHpnp. ,H,ajiee Ha ocHOBe 3Toro nocTpoemiH npHBo^HTca cymecTBeHHo 6ojiee xopoTxoe, 
neM ^pyrne aHajiorHHHBie ([15|, b nacTHOM cjiynae [6]) reoMeTpHHecxH npo3panHoe floxa3a- 
TejiBCTBo cjjyH/^aMeHTajTBHOH TeopeMBi 13.111 o tom, hto fljiH napajuiejios^pa P BepHa rnnoTe3a 
BopoHoro Tor^a h tojibxo Tor^a, xor^a ^jih cooTBeTCTByiomero pa36neHHH 7p cyru;ecTByeT xa- 
HOHHHecxaH HopMnpoBxa. npiiMeHeHiie noflxo,n;a HjunocTpHpyeTca Ha floxa3aTejiBCTBe TeopeMBi 
yKiiTOMHpcxoro. 

1.2 ®yHKii;HH npnpameHHH 

P aCCMOTpiIM HeXOTOpBIH OflHOpO^HBIH 71-MepHBIH nOJIHSflpajIBHBIH xoMnjiexc Kd. L^eribW B Kd 
Ha3BiBaeTcsi npoH3BojiBHasi nocjieflOBaTejiBHocTB n-MepHBix nneex [c\ ,..., c&] , b xoTopon jnoSBie 
,7T Be nocjie^oBaTejiBHBie sneHXH cMeotcnu, to ecTB hmciot o6ru;yio (n — l)-rpaHB. (KoMdunamop- 
hum) v/ukaom Ha3BiBaeTCH npoH3BOJiBHaH penB, y xoTopon nepBan h nocjie^HHH Hneilxii cMenc- 
hbi. HHpHfleHTHOCTB nneex xoMnjiexca xoMnjiexca TyT h ^ajiee mbi HH^yxTHBHo onpe^ejineM 
nepe3 CMeJXHOCTB no (d — l)-rpaHHM: 

Onpe^ejiemie 1.1 (JIoxajiBHan cTpyxTypa xoMnjiexca). 

• Ecau n-Mepnue ahcuku cud CMeotcnu, mo ecmt> uMewm odvyyw (d — 1 )-zpam> F d ~ l , 
mo KacHcdaA nodzpaub G C F d ~ 1 cuumaemcA o6m,eil 8 aa cue' 

• Ecau Oaa epauu G u nueeK cud naudemcA coeduHAtou^aA ux yent, [c = ci, C 2 ,..., Ck = d\ 
maKaA, umo G C c\ p) C 2 , a 3 Hauum AeAAemcA epam>w u c, u d, G C c-i H C 3 , a 3 uauum 
AeAAemcA spaubw u C 3 , u man daAee do G C Ck -1 f]ck, a 3 uauum A 6 AAemcA epaubw u 
d = Ck, mo G cuumaemcA o 6 w,eil zpaubm dAA cud. 

Taxaa penB n-MepHBix nneex [c± , C 2 ,..., c*,] , Bee 113 xotopbix coflepncaT HexoTopyio o6ru;yio 
A;-MepHyio rpaHB G, Ha3BiBaeTCH k-npuMumuenoil. 
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3aMeHaHHe. B cjiyuae pa36uenuu npocmpcmcme manoe onpedeAenue unyudenmnocmu coe- 
nadaem co cmcmdapmHUM meopemuKO-MHOotcecmeenHUM onpedenenueM uepe3 nepecenenue 
MHoeospannuKoe nan mouennux MHooicecme. Odnano 3 aa 6onee u30ut,peHHUx cmpyKinyp, na- 
npuMep nodMHooicecme pasduenuu npocmpancmea uau adcmpanmno sadannux noAuodpaAb- 
hux MHOzoodpasuu ne eAootceHHUx e eeKAudoeo npocmpancmeo, meopemuKo-MHocncecmeeHHoe 
onpedeAenue MODtcem 0Ka3ambCA neydo6nuM uau eoece neonpedeAennuM. Onucannoe cnee onpe- 
deAenue pa6omaem ecezda, Kozda 3ada.Hu cMeoKHocmu no ( d—l)-zpanAM (cm., nanpuMep, JTBj). 

HopMupoenou KOMnjieKca K n 6ypeM Ha3BiBaTB npoH3BojiBHyio c^ymcpmo s, onpepejieHHyio 
Ha T n = T](n — MHOHcecTBe n-MepHBix rpaHefi K. n . 

OnpepejieHne 1.2 (MyjiBTHnjiHKaTHBHbie npupaipeffini). IJycmb 3 aa moicdou ynopAdouenHou 
napu cMeotcHux n-Mepnux nueeK c\ u c 2 onpedeAena (fiynKyuA g : [01,02] —> M+ manan, 

umo g[ci,C2] ■ g[c2,ci] = 1 . MyjiBTHnjniKaTHBHBiM npnpaipeHHeM edoAb genu [c\,c 2 ,... ,c k ] 
Ha 3 ueaemcH npodoADtcenue tfiynKyuu g no ecmecmeeHHOMy npaeuAy 


g[ci, c 2 ,..., c k \ = g[d, c 2 \g[c 2 , c 3 ] •... • g[c k ~i, c k \ 

Ecjih 3ac[)HKCHpoBaTB HeKOTopnie HnefiKy Co h nojio>KHTejiBHoe 3HaneHHe sq, to ripaBHjio 
s(c) := So • g[co, ci,..., c] no MyjibTHnjiHKaTHBHOMy npHparpeHHio 3apaeT Ha JC n nojioxcHTejibHo 
onpepejieHHyio HopMHpoBKy, KOTopan, BooSipe roBopn, 3aBHCHT ot pemi, coepHHsnoipeii HneiiKH 
c 0 h c. 

Onpepejieime 1.3 (AppHTHBHBie ripapaipeHiin). A/i/imthbitbim npnpaipeHHeM nasueaemcA 
cfjyHKyuA g : [ci, c 2 ] —> k G N c ycAoeueM g[c\, c 2 ] + g[c 2 , Ci] = 0 7 npodoADicennaA na genu 
KOMriAeKca no npaeuAy g[c\, c 2 , ..., c k ] := g[c\, c 2 ] + ... + g[c k ~ 1 , c k ] • 

AHajioniHHo, pjia cjniKCHpoBaHHoii nneiiKH Co h npoii3BojiBHoro 3HaneHHH vq G npaBHjio 
s(c) Vo + g[co, ci,..., c] 3apaeT BeKTop-3HanHyio HopMHpoBKy. 

OneBiipHo, hto HopMiipoBKa onpepejieHa npnpaipeHHHMH opH03HanHo c tohhoctbio po Ha- 
najiBHoro 3HaneHHH Torpa h tojibko Torpa, Korpa npHpaipeHHH bpojib jho6bix pByx peneii c 
o6hi,hmh HanajioM h kohpom, paBHBi. IIpoBepKy stoto cBOHCTBa cyipecTBeHHo ynpoipaeT Teope- 
Ma o nepeHoce CBOHCTBa C. PnimKOBa h K. Pbi6hhkob a (m. Abtopbi poKa3ajiH cboio TeopeMy 
pjiH 6ojiee HinpoKoro Kjiacca KOMnjieKcoB, neM noTpeSyeT paHHaa pa6oTa, nosTOMy mbi npiiBe- 
peM ynpoipeHHyio Bepcmo: 

TeopeMa 1.4 (O nepeHoce CBOHCTBa). PaccMompuM n-Mepnuu KOMnAenc K n e nomo- 
puti AeAAemcA au6o AOKaA'bno-KonenHUM pa36uenueM M. d , au6o ocmoeoM pa3Mepnocmu n ^ 2 
manozo pasduenun. IJycmb na ecex napax CMeotcnux n-Mepnux nueen e K. n 3adanu npupaipe- 
hua g[ci, c 2 \ u no neKomopou nauaAbnou nueuKe Co u 3naHenwo na neu so 3adana nopMupoena 
s dannozo KOMnAenca. OynKyuA s, nan (ftynnyuA moAbKo om nueen pa36uenuA, cyxpecmeyem 
(u onpedeAena odno3HauHo c monHocmbto do eudopa HanaAbnozo 3HauenuA) mozda u moAb- 
ko mozda, nozda npupaipenue edoAb ecex (n — 2)-npuMumueHux yuKAoe paeno 1 e CAyuae 
MyAbmunAUKamuenux npupaipeHuu, au6o 0 e CAyuae addumuenux npupaipenuu. 
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1.3 KaHOHHHeCKHe HOpMHpOBKH 

PaccMOTpHM HopMajibHoe (to ecTb rpaHt-B-rpaHb) pa36neHHe T npoerpaHCTBa W l Ha cTpo- 
ro BBinyKjiBie MHororpaHHHKH. IlycTB 3aflaHa nojio>KHTejibHaH HopMiipoBKa s : F d ~ l —> M + 
(d— l)-MepHoro ocTOBa J rd ~ 1 paaGneHiiH T. IlycTB F l . F 2 , ..., F k Bee rnneprpaHH pa 36 neHHH, 
KOTopnie co^epjKaT (d— 2)-rpaHB F d ~ 2 C T d ~ 2 . Ha hhx ecTecTBeHHBiM o6pa30M onpe^ejieHBi ^Ba 
npoTHBonojiojKHBix HanpaBjieHHH o 6 xo^a, KOTopnie onpe,n;ejiHioTCH npoeKipieH rnneprpaHeH F t 
h caMofi F d ~ 2 b ^ByMepHyio njiocKocTB ^onojiHHTejiBHyio k acpcpHHHOH oSojioHKe ciff (F d_2 ). 
Byn;eM cmiTaTB, hto HyMepapna F\, F 2 , ..., F^ 3 aflaHa o^hhm H 3 sthx ^Byx HanpaBjieHHH 06 - 
xo^;a, h, corjiacoBaHHo c TeM me HanpaBjieHHeM, BBiSpaHBi e^HHHHHBie HopMajiH ... ,11*, k 
flaHHBiM nmeprpaHHM. KpynemieM A s HopMiipoBKH s BOKpyr ( d — 2)-rpaHH F d ~ 2 Ha30BeM 
BejIHHHHy 

k 

A s (F d ~ 2 ) :=^ S (F j: )n ? : 

i=0 

H 3 onpe^ejieHHH cjie^yeT, hto KpyneHHe onpe^ejieHo c tohhoctbio flo 3Haxa h, Boo6in;e tobo- 
pn, 3aBHciiT ot BBiSopa HanpaBjieHHH o6xo^;a. O^HaKo Hac HHTepecyeT jihihb paBeHCTBo hjih 
H epaBeHCTBo KpyneHHH Hyjno, hto ot HanpaBjieHHH o6xofla He 3aBHciiT. 

HopMiipoBKa s MHoncecTBa rnneprpaHeH F d ~ x pa36neHHH T Ha3BiBaeTCH KcmoHunecKou , 
ecjiH fljiH jho6oh (d — 2)-rpami F d ~ 2 C T BBinojiHeHo A s (F d ~ 2 ) = 0 . 

JIOKCLA'bHOU KaHOHHHeCKOH HOpMIipOBKOH S \ S d ~ l —> R + nO^KOMnjieKCa C T MBI 

Ha3BiBaeM HopMiipoBKy c HyjieBBiM KpynemieM ,h;jih bchkoh (d — 2)-rpami F d ~ 2 C 3Be3,i];a 

St-j-(F d ~ 2 ) KOTopofl, onpe^ejieHHaH no KOMnjieKcy T, npHHa^jiemiiT 11 no^KOMnjieKcy S d ~ x . 

Cjie^yiomaH jieMMa — o^;ho H3 KjnoHeBBix yTBepmyipHHH npii paccMOTpeHHH KaHOHHHecKiix 
HOpMIipOBOK: 

JieMMa 1 . 5 . Flycmb F d ~ 2 — (d — 2 )-spam, pa36uenuA T , e Komopou cxodAmcA poeno 3 
eunepgpanu F \, F 2 u F 3 U3 T■ FLycmb S u S' dea nodKOMruieKca e T , 06a yejiwzoM codep- 
CHcam 3ee3dy St-j-(F d ~ 2 ). FLycrm> na amux nodKOMHAencax 3adanu (AonaAbHue) KanonuHecKue 
nopMupoenu s u s'. Tozda eunoAHeno paeencmeo: 

s'(F 1 ) -«(Fi) 

s'{F 2 ) s{F 2 ) 


/ JoKa 3 ameAbcmeo. no onpeflejieHiiio KaHominecKOH HopMiipoBKH HMeeM: 


s (-^i) n i + s(F 2 )n 2 + s(F 3 )n 3 


s, (-^i) n i + s '(F 2 )n 2 + s'(F 3 )n 3 — 0, s(Fi) > 0, s'(Fi) > 0 


OTMeTIIM, HTO H3 CTpOTOH BBinyKJIOCTII HHeeK T CJie^yeT, HTO epe^H Fi, F 2 , F 3 He mojkbt 6bitb 
^B yx napajuiejiBHBix rHneprpaHeii. TaKHM o6pa30M, ni h n 3 He napajuiejiBHBi. 3HaHHT, ecjiH n 2 
pacKjia^BiBaeTCH no sthm BeKTopaM, to e^HHCTBeHHBiM o6pa30M. B HacTHocTH, KoacjxJiimHeHT 
npii ni b TaKOM pa3Jio>KeHHH onpe^ejieH o^H03HaHHo. C ^pyron cTopoHBi, H3 BBinHcaHHBix 
paBeHCTB HMeeM: 


n 2 = 


«(fl) 

s(F 2 ) 


ni - 


s(F 3 

s(F 2 


-n 3 


^(^ 1 ) 

s'(F 2 ) 


ni - 


s'(F 3 ) 

s'(F 2 ) 


H3 
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□ 


BepHeMca ot o6hi,hx pasGiiemm npocTpaHCTBa k pa36iieHHio Ha kohmh 3a/r;annoro napaji- 
jiejioappa P. ^jih TaKiix pa36HemiH KpoMe npiiMHTHBHBix rpaHeii cjiepyeT BbipejiHTB BaxcHBifl 
Kjiacc cTaH^apTHBix rpaHefi, BBepeHHbix b [2]. TpaHB F n pasGriemiH Tp Ha3BiBaeTCH cmandapm- 
hou, ecjiH ee mojkho npepcTaBHTB b BHpe F n — P f] P' pjiH HeKOTopnix imeeK P h P' pasGuemiH. 

H 3 peHTpajiBHofi ciiMMeTpHH napajiJiejiosppoB cnepyeT, b HacTHocra, hto cTappapTHBie rpaHH 
U,eHTpaJIBHO CHMMeTpiIHHBI, H IIX HpHTpBI CHMMeTpiIH HBJIHIOTCH TaKJKe HpHTpaMH CHMMeTpiIH 
pa36neHHH Tp 11 pemeTKii A d (P). 

H 3 ycjioBHH BeHKOBa-/I,ejioHe cjiepyeT cnepyrorpaH npocTan KjiaccucJiHKapHH cxo^Kpemiii 
napajuiejiosppoB b (d — 2)-rpaHax: 

IIpe^jiojKeHHe 1.6. IJpou3eoAbHaA (d — 2)-gpanb pa36uenuA Tp AeAAemcA au6o npuMumue- 
nou, e Komopou cxodAmcA 3 gunepgpanu pa36uenuA, au6o cmandapmnou, e Komopoil cxodAmcA 
4 gunepgpanu Pi, F 2 , P 3 , P 4; npuueM Pi||P 3 u P 2 ||P 4 . 

runeprpaHH napajuiejioappoB hbjihiotch hbcthbim cjiynaeM cTappapTHBix rpaHeii. To ecTB 
peHTp Kancpoii runeprpaHH HBjineTCH TaK>Ke peHTpoM CHMMeTpiIH pasGueHim. PaccMOTpiiM pBe 
CMe>KHBie no {d— 2)-rpami F^ 2 rHneprpami F\. P 2 HeKOToporo napajuiejiooppa Pi G Tp. IlycTB 
F[ G Tp — 3to o6pa3 F\ npn CHMMeTpiIH othochtcjibho peHTpa P 2 . Otmcthm, hto F[ h F 2 Tan- 
nce cMeiKHBi h npiiHapjie>KaT napajuiejioappy P[ = Sym c ^ F ^ (Pi) paHHoro pa36HeHira. BypeM 
Ha3BiBaTB Tanyio napy runeprpaHeii Pi h F[ nanpecm AewcaiyuMU OTHociiTejiBHo (cMenoioii c 
HHMH oSeilMIl) F 2 . 

JleMMa 1.7. Flycmb 3adana KanonuHecnaA nopMupoena s pa36uenuA Tp, u nycmb [Pi, P 2 ,..., P 6 ] 
- npou360AbHuu 6 -uoacok napaAAeAoadpa P 0 G Tp F[ycrm> P 0 — mpembA gunepgpanb e Tp, 
codepotcaipaA (d—2)-gpanb F 2 P| P 3 (tiomumo caMux P 2 u F 3 ). Tozda (1) nopMupoenu na npo- 
mueonoAocHcnux gunepgpanAX U3 6-noACKa paenu, (2) nopMupoenu na naKpecm Aeotcaiyux 
gunepgpanAX Pi u P 0 paenu. 


JdoKa3ameAbcmeo. ^oKaxceM cHanajia nyHKT 2. Pi h P 0 — HanpecT nencaipHe OTHociiTejiBHo 
F 2 . IlpHMeHHM K pa36HeHIHO Tp CHMMeTpHTO c(P 2 ). Pi H P 0 nOMeHSHOTCH MeCTaMII, caMa P 2 
h Tp nepefipyr b ce6n. HopMHpoBKa s nepefipeT b HeKOTopyio HopMiipoBKy s' pa36rieHHH Tp, 
npnneM s'(P) = s ^Sym c ^ F^j. H 3 jieMMbi [1751 h CHMMeTpHH HMeeM ^4 = = fjfry- 

3HanHT s(Pi) = s(P 0 ) h nyHKT 2 poKa3aH. CorjiacHo 3TOMy nymcry Tannce BepHo s(Pj) = s(F 0 ). 
3HanHT s (P 4 ) = s(Pi) 11 nyHKT 1 TaKJKe poKa3aH. □ 


H 3 JieMMbi fLBl ii npeimoHceHHH [L6l c.ne nyeT. hto KaHOHHHecKHe HopMiipoBKH 3Be3pw Stp p ( F d 2 ) 
npoH3BOJibHOH ( d — 2)-rpaHH F d ~ 2 pasSneHHH Tp onncBiBaioTCH cjiepyiomHM o6pa30M: 

IIpepjiojKeHHe 1.8. Ecau F d ~ 2 npuMumuena, mo AonaAbnaA KanonuuecKaA nopMupoena 
s ee 3ee3du eduncmeenna c monnocmbm do noAootcumeAbnogo o6m,ego MnocHcumeAA, unaue 
pci- 2 cmandapmna u nopMupoena s nemupex codepcncainux ee eunepgpaneu Pi||P 3 u P 2 ||P4 
AeAAemcA KanonuuecKou mogda u moAbKo mogda, Kogda eunoAHAmmcA paeencmea 


s(Pi) = s(P 3 ) > 0 , s(F 2 ) = s(F 4 ) > 0 
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,H,ajiee HaM noTpeSyeTca ycnjieHHe stoto yTBepjKflemia: 

TeopeMa 1.9 (,H,ejioHe |3|)• 3ee3du npou360Jit>Hux (d — 2 )- u (d — 3)-dpaHeu napa/uieAoadpoe 
UMemm KanoHunecKue nopMupoenu (ne Me nee odnou). 

1.4 CKJieilKa JIOKaJIbHbIX HOpMHpOBOK 

0;pia H3 ochobhbix (J)yHKii,HH jioKajit.Ht.ix KaHOHHHecKtix HopMitpoBOK — nocTpoeHHe no HUM Ka- 
HOHtmecKtix HopMitpoBOK Bcero pa36iteHH5i. Tanoe nocTpoemie npoitcxopyiT npit noMotpit cKAeu- 
ku HopMtipoBOK. IlycTB KaHOHHHecKaH HopMHpoBKa s 3ap;aHa Ha KOMnjieKce /C, KaHOHHHecKan 
HopMitpoBKa s' — Ha KOMnjieKce 1C. OneBH^Ho, hto Ha 1C TaKxce onpep;ejieHBi KaHOHHHecKite 
HopMitpoBKti BHfla ks' fljis npoti3BojibHoro k > 0. ,Hjih CKjiefiKH s h s' no^GnpaeTCs Tanoe k, 
hto6bi 

• s h ks' coBnaflajiH Ha K.f]lC 

• yCJIOBIte KaHOHHHHOCTH flJIH paCIHHpeHHOH HOpMIipOBKII S = S |J ks', TO eCTB paBeHCTBO 
HyjHO KpyneHHH As HOpMItpOBKH S, BBinOJIHHJIOCB BOKpyr npOH3BOJIBHOtI (d — 2)-rpaHtI 
o6T.e^HHeHHoro KOMnjieKca tC\J)C 

OhQBH JT HO, HTO npopeCC CKJieHKH B TaKOH (J)OpMe OCytpeCTBHM TOJIBKO eCJIH S H s' nponopptio- 
HajiBHBi Ha /C pi 1C, hto, BooOtpe roBopn, He rapaHTtipyeTCH. 

llnorypi ypaercs ynpocTHTB CKjietiKy, nepen/pT ot HopMitpoBOK k (:ootb('tctb\toihmm (jmiK- 
h,hhm npiipatpemtH: g[F\, F 2 \ = flJia rnneprpaHeH F\ h F 2 , npHHa/yiejKaipitx oStpeti d- 

MepHOH HHeitKe pa36tieHHH h nepeceKaiotpiixcH no HeKOTopofl (d — 2 ) rpaHit F d ~ 2 . IIpeHMyipe- 
ctbo TaKoro no^xo^a b tom, hto ecjin F d ~ 2 npHMHTHBHa, to, corjiacHo jieMMe 11.51 nptipatpeHHe 
g[F \, F 2 ] onpe^ejieHo o,rpto3HaHHo h, cooTBeTCTBeHHo, coBna^aeT fljia HopMHpoBOK s h s'. B 
ppyrnx cjiynanx MoxceT noTpeSoBaTBCH HeTpitBiiajiBHoe oSocHOBaHtie toto, hto g it g f mojk- 
ho onpe^ejutTB corjiacoBaHHo. 3aTeM no oStpeii (jmTKpun npupaipemiH g bc ) c c t an a b ji h b ae t ot 
oStpan HopMitpoBKa s, h TpeSyeTcn p,OKa3aTB ee op;H03HaHHocTB — HanpitMep, npit noMotpit 
TeopeMBi o nepeHoce cBoticTBa 11.41 npotuunocTpitpyeM stot rio/ixop Ha BancHOM cjiynae >Kh- 

TOMItpCKOTO. 

1.5 rjioSajibHaa KaHOHHPecKaa HopMHpoBKa, cjiynait Xhtombpckoto 

JleMMa 1.10. /(aa npou360AbHoso (d — 2)-npuMumu6Hozo napaAAeAoadpa P cymecmeyem 
KaHOHUHecKCLA uopMupoena coomeemcmeytomeso pa36uenuA 7p. 

J.JoKa3ameAbcmeo. B cjiynae d = 2 (d — 2)-hphmhthbhbimh napajuiejiosppaMH 6ypyT jihihb peH- 
TpajiBHo ctiMMeTpHHHBie BBinyKjiBie mecTHyrojit>HHKH. CorjiacHo npep,jioiKeHHio 11.81 cytpecTBy- 
eT KaHOHHHeCKaH HopMHpoBKa S 3Be3p;BI npOH3BOJIBHOtI BepiHHHBI V. rtmeprpaHH 3TOH 3Be3p,BI 
St-j-piy) — sto op;HOMepHBie pe6pa ei,e 2 ,ez. ripHnniTieM KancppMy pe6py pasGiteHitn, napaji- 
jiejiBHOMy e\, HopMnpoBKy s(ei), pe6py napajuiejiBHOMy e 2 — HopMHpoBKy s(e 2 ), pe6py napaji- 
jiejiBHOMy e 3 — s(es). OneBippio, hto Bee RpyHemm b TaKOM cjiynae paBHBi, c tohhoctbio p;o 
3HaKa, KpyneHHio BOKpyr v. to ecTB paBHBi 0. 3HaHitT nocTpoemtan HopMHpoBKa k ai t o11it T iec k a >t . 
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,II,ajiee cniiTaeM d ^ 3. IIo ycjioBHio pasGuemie Tp (d — 2)-iiphmhthbho, 3 HanHT ecjiH pBe 
rimeprpami p . F 2 paHHoro pasGuemiH HMeioT oSipyio (d — 2)-rpaHB, to, no npejuioncemno lL8l 
npupaipemie g[F\ , F 2 ] onpepejieHo opH03HanHo. 3HannT oho onpepejieHo opH03HanHo n pjis 
jho6oh penn Ha (d — l)-ocTOBe F d ~ x . BocnojiB3yeMCH TeopeMofi 11.41 o nepeHoce cBoflcTBa. 

HeoSxopiiMo noKa3aTB, hto npupaipemie bpojib npoii3BojiBHoro (d— 3)-npHMHTHBHoro h,hk- 
jia g[Fi, ..., F n , p] paBHo 1. Bee (d— l)-MepHBie nnefiKH stoto pincjia HMeioT HeKOTopyio oSipyio 
(d — 3)-rpaHB F d ~ 3 . IIo TeopeMe 11.91 juia Stj- p (F d ~ 3 ) cyipecTByeT KaHOHnnecKan HopMHpoB- 
Ka s';. Kan 6 bijio oTMeneHo BBime, npnpaipeHHe g [F t , F l+ { ] npn nepexope nepe3 npHMHTHBHyio 
(d— 2)-rpaHB onpepejieHo opH03HanHo. B HacTHocra, pjiH paHHBix F t HMeeM g[Fi, p. + i] = 
(nojiaraeM F n+ i — F{). IIosTOMy npupaipeHHe bpojib paccMaTpHBaeMoro ipncjia paBHo 


g[Fi, • • •, F n , Fi] 


si(F 2 ) s/(F 3 ) 
S/(Fi) S/(P 2 ) 


sljF,) 

si(F n ) 


□ 


2 >KeHepaTpnca pa36neHH5i 

2.1 noflteM MHororpaHHHKOB 

Pajiee cnriTaeM 3apaHHBiMH jioKajiBHo-KOHenHoe HopMajiBHoe pa36neHHe T npocTpaHCTBa E d 
h KaHOHHnecKyio HopMHpoBKy s : F d ~ l —> M+ pasSneHHH T■ IIo 3apaHHBiM pasGneHHio h 
H opMHpoBKe TpeSyeTCH nocTpoHTB (i-MepHyio nojiHsppajiBHyio noBepxHocTB Q b pacmupeHHOM 
npocTpaHCTBe E (Z+1 (orpaHHHHBaioipyio (d + l)-MepHBifi nojnispp), rpaHH KOTopoii npn opTO- 
roHajiBHOH npoeKpHH B3aHMHo opH03HanHo nepexopHT b rpaHH Tex nee pa3MepHocTefi H3 T. 

IlycTB K d BjiovKeHo b E d+1 Kax d-MepHaa rHnepnjiocKocTB. IJodeeMOM /c-MepHoro mhoto- 
rpaHHHKa P k C E d , k ^ d 6ypeM Ha3BiBaTB bchkhh pMepHBiii MHororpaHHHK P k (He napaji- 
jiejiBHBiil HopMajin k K d ) Taxon, hto ero opToroHajiBHan npoeKpHH Pr ^P fc ^ Ha E d coBnapaeT 

c P k . TyT h pajiee, xorpa sto He BBi3BiBaeT nyTaHiipBi, nop E d mbi noHHMaeM ncxopHoe nop- 
npOCTpaHCTBO B E d+1 , B KOTOpOM HaXOpiITCH nopHHMaeMBIH KOMnjieKC. 

Onpepejiemie 2.1. IJycme 3ada.HU dea eunyKJiux MnozozpaHHUKa P(,P 2 n C E rf , l,m ^ d, 
nepeceuenue Komopux neJiaemcH zpanem Kaotcdozo U3 hux. IJycme manatee 3adan nodeeM P\ 
- l-Mepnuu MHOzospaHHUK P[ e E d+1 , mozda nopteMOM P™ po P\ 6ydeM H03ueamb rnanou 
nodeeM P™ (e moM (me K d+1 ), nmo nepeceuenue P[ p| P 2 m nennemcn zpanem naemdozo U3 
MHOzozpanHUKoe P[ u P™, u ezo npoenyun ua E d coenadaem c P[ p) P™. Hhumu cAoeaMu - 

ecAU P[ n p? neAAemcA nodFeMOM P\ n p?- 

JleMMa 2.2. nyerm, 3adanu dea eunyKAUx d-Mepnux MHozozpanHUKa P l5 P 2 C E d , cMeotcnue 
no (d — 1 )-zpauu F d ~ l c nopM.aA.em n e E^ k omou zpanu. IJycme dauuoe npocmpancmeo E J 
eAoofceno e E^" 1 " 1 nan zunepnAocnocme u 3adau HeKomopuu nodeeM MHozozpauHUKa P\ — d- 
Mepnuu MHOzozpanHUK P\ C Epp c nopMaAem ni e E d+1 . Tozda cyn^ecmeyem eduHcmeennuu 
nodeeM MHozozpauHUKa P 2 do P\ c eenmopoM nopMOAU omozo nodeeMa paenuM ni + n. 
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ffoKa3ameAbcmeo. 06 o 3 HaHHM nepe3 Pr] orpaHHHeHHe Pr I a //(^) : a // \ 1 7 n P oeK ” 

ii,hh Pr Ha ci-Mepnoe acfxjmnTToe no^npocTpaHCTBo MHororpaHHHKa Pi. Pa3MepHocTB o6pa3a h 
npoo6pa3a npn npoeKnym Pi'i coBna^aioT, 3HaHHT H,ppo oToro oToSpaxceHHH HyjieBoe h Pri 611- 
eKTHBHo nepeBo^HT fc-MepHBie rpaHH Pi b fc-MepHBie rpaHH Pi ^jih npoH3BojiBHoro 0 ^ k ^ d . 
KpoMe Toro, no onpe^eneHiHo no^teMa, ni Jf E c/ . 06o3HanHM nepe3 F d ~ L npoo6pa3 F d_1 npn 
npoeKpiiii Pri, a nepe3 L d_1 h L d ~ l — hx acfxfaHHHBie o6ojiohkh. OneBH^HO Pri (P d_1 ) = L d ~ L . 


IIoKaJKeM, hto BeKTop ni + n opToroHajieH L d 1 . Tan nan ni_L aff (^p J, to ni_LP d 1 C 

aff ^p j. IlycTB no G E rf+1 — HopMajiB k E d , Toppa oneBii^HO, hto no OToSpaxcaeTcn b HyjieBOH 
BeKTop npoeKpiieii Pr Bcero npocTpaHCTBa E d+1 h HBjineTCH o6pa3yioru;eH b ker Pr. Otcto/pi h 
H3 toto, hto Pr = L d_1 , cjiepyeT, hto L d ~ x npHHafljiexaiT P d_1 x /m(n 0 ), to ecTB 

L d ~ l jienaiT b nepneH^HKyjinpHoil k E d PnjiocKocTH, copppxcarpeH L d ~ l . IIo ycjioBHio n_LI/“ _1 , 
KpoMe toto n±no Tan KaK no_LE d h n G E c/ no ycjioBHio. CjieppBaTejiBHo n±L d_1 x lin( no), 
OTKypa HMeeM n_LP d_1 . TannM o6pa30M, nonasaHo, hto n x + n opToroHajieH L d_1 . 

BmGepeM npoH3BojiBHyro Tonny A G L d_1 n npoBe^eM nepe3 Hee d-MepHyio njiocKocTB 7r d , 
opToroHajiBHyio BeKTopy n x + n. IIo HopMann n o^hoh CBoefi Tonne rnnepnjiocKOCTB n d BoccTa- 
HaBjrHBaeTCH oyiTosnaHiTo. IIo nocTpoeHHio L d ~ 1 napajuiejiBHo 7r 2 n nx nepecenenne HenycTo, 
3HaHHT L d ~ L npHHafljiencHT n d . OTcro^a HMeeM, hto aff P) n d — L d_1 , Tan nan oto nepece- 

HeHne coflepncHT L d ~ l n npn otom He MoxceT 6bitb <i-MepHBiM: HopMajiH othx Pno^npocTpaHCTB 
ni h ni + n He napajuiejiBHBi. IIhockoctb n d He opToroHajiBHa E d , Tan nan (ni + n) Jf E d . 3Ha- 
hht orpaHHHeHHe npoeKip-m Pr Ha n d — npoenpriH Pr 2 := Pr \ n d : n d — >■ E d Taione HBjineTCH 
HeBBipojK^eHHBiM a(])({)HiTiii.iM npeo6pa30BamieM. B nacTHocTH, Hero o/piosnaHno onpepp- 
jieHo oSpaTHoe acfxJ^HHHoe npeo6pa30BaHHe Pp : E d — )■ ir d . 

Y6e^HMCH, HTO Pp 1 (P 2 ) H eCTB HCKOMBIH nopBeM P 2 . OTMeTHM, HTO OrpaHHHeHHH Pri H 
Pr 2 Ha L d_1 cyTB opno h to >kc npeo6pa30BaHHe — orpaHHHeHHe nopoxyparoipeH hx npoenpHii 
Pr Ha L d ~ l . OTciopa Pp 1 (F d_1 ) = P d_1 . Pajiee, Tan nan aff ^p j fj Ti d = P d_1 , to nepecene- 

Hne Pp 1 (P 2 ) c Pi npHHafljie>KHT hx oSrpeMy nopnpocTpaHCTBy L d_1 . Torpa Pp 1 (P 2 ) fJPi = 

pp 1 (p 2 j n p-l {\Pi = pp 1 (p 2 n L d - ] ^ = pp 1 (^ _1 ) n^ = ^n^ = ^-Ta- 

khm o6pa30M, nepeceneHHe Pp 1 (P 2 ) c Pi HBjineTCH rpaHBio KaJKporo h HBjineTCH noflBeMOM 
fljis F d ~ l = Pi p)P 2 . IIo nocTpoemno Pp 1 (P 2 ) HMeeT pa3MepHocTB d h opToroHajieH bckto- 
py ni + n. 3HaHHT Pp 1 (P 2 ) ^eHCTBHTejiBHo HBjiHeTCH noflBeMOM P 2 ^o Pi. KpoMe toto, mbi 
noKa3ajiH, hto Phjiockoctb aff (P 2 ) onpe^eneHa o^H03HaHHo, Tan xce nan h oToSpaxceHHe 


Pr 


-l 




: E d —> aff ( P 2 ). 3HaHHT no^T-eM P 2 cyrpecTByeT h onpe^ejieH 0^H03HaHH0. □ 


Ecjih, nan b ycjiOBHH jicmmbi 12.21 no^T.eM hhchkh P 2 flo no^HHTOH hhchkh Pi 3a,i],aH npn 
noMorpn BeKTopa n opToroHajiBHoro oSrpefi rnneprpaHH Pi h P 2 , to 6yp;eM tobophtb, hto P 2 
HBjiHeTCH nopteMOM P 2 flo Pi c npupaui,eHueM nopMaAU n. 
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2.2 IIocTpoeHHe >KeHepaTpHCbi 

BypeM CHHTaTb, hto npocTpaHCTBo K d , b kotopom 3 apaHo pa36Hemie T, BjioxceHo b npocTpaH- 
ctbo E d+1 KaK rHnepnjiocKOCTB Xd +1 = 0. 3acJ)HKCHpyeM HopMajiB n 0 = (0,..., 0, — 1) k otoh 
rnnepnjiocKOCTH. npoii3BOJiBHBix cmchchbix c/-MHororpaHHHKOB P i: Pj C T c oSipefi rimep- 
rpaHBio P t Pi Pj nepe3 n, ;j 6ypeM o6o3HanaTB epHHHHHyio HopMajiB k P t f] P 3 , HanpaBjieHHyio 
ot Pi k Pj, a x iepe3 s ( P, (”) P :j ) — 3HaneHHe sayaimon KaHOHHnecKQ h HopMiipoBKH s Ha stoh 
rnneprpaHH pa36neHHH. 

IIocTpoHM b E a!+1 ceMeilcTBo d-MHororpaHHHKOB Q = Q (T, s) no cnepyroipiiM npaBHjiaM: 

• KancpBifi MHororpaHHHK H3 Q HBjBieTCH noflteMOM HeKOTopofi d-nneiiKH PeT, 3aHyMe- 
poBaH npn noMo nT H HeKOTopofi penn jineeK [Po, Pp,..., Pi k , P], coepHHmoipefi Po c P, h 
o6o3HanaeTCH L[P 0 , P it ,..., P ik , P] 

• L [P 0 ] coBnapaeT c nneiiKOH P 0 , HopMajiB k L [P 0 ] (b E d+1 ) cj^iiKcupoBaHa h paBHa n 0 

• L [P 0 , Pi,..., Pfc_i, Pfc] HBjiHeTcn nopn-eMOM Pk po (paHee nopHHToro) L [P 0 , Pi,, Pk-i\ 
c npnpaipeHHeM HopMajni s(Pk -1 P| Pk) • n^-ip 

H 3 jieMMBi [2721 cjieiiveT. hto pjis npoii3BojiBHofl pemi [Po,..., Pk] Kaacpnift H3 d-MHororpaHHHKOB 
L [P 0 , Pi] , L [P 0 , Pi, P 2 ] , L [P 0 ,..., P fc ] cMenceH c npepnipyipiiM (pjia L [P 0 , Pi] npepBipyipim - 
L [Po] — 3apaH b onpepejieHHii) h no npiipaipeHmiM HopMajni BoccTaHaBjinBaeTcn opH03HanHo. 
BypeM Ha3BiBaTB MHororpaHHiiKii L [P 0 ,..., Pk] rpamiMH Q. BBepeM Ha Q cTpyKTypy nojinap- 
pajiBHoro KOMnjieKca: 

• BypeM cmiTaTB d-rpami L [Po, Pp,..., P* m ] n L [P 0 , P n ,..., P Jn ] coBnapaioipHMH, ecjin 
ohh coBnapaiOT reoMeTpnnecKH nan TonenHBie MHoncecTBa b E cZ+1 . B nacTHOCTH, OTcropa 
BBiTenaeT HeoSxopnMoe ycjioBne P* m = P Jn . 

• ^Be PrpaHH Q cnnTaeM CMencHBiMH Torpa n tojibko Torpa, norpa pjin mix cyipecTByeT 
npepcTaBjiemie b Biipe L[P 0 ,..., Pk- 1 ] n L[P 0 ,..., Pk- 1 , Pk], rpe ohh cjiepyioT opHa 3a 
ppyrofi b penoHKe nopn-eMOB. 

• CorjiacHo onpepejieHHio 11.11 3apaHHBie cmokiiocth cZ-MepHBix rpaHefi Q 3apaioT Bee ocTajiB- 
HBie HHipipeHTHOCTH B rpaHnx MeHBmHX pa3Mep hootch. 

,H,ajiee nop Q mbi 6 ypeM nomiMaTB HMeHHo nojinopp c 3apaHHBiMH HHuppeHTHocTHMii (a He 
npocTo Ha6op (Z-MHororpaHHHKOB). 

2.3 O^HOSHaHHOCTb npoeKii,HH >KeHepaTpncbi 

)KeHepampucou pa36iieHHH T npocTpaHCTBa E^ 6ypeM Ha3BiBaTB eZ-MepHoe nojnioppajiBHoe 
MHoroo6pa3iie b oGT^eMmoipeM npocTpaHCTBe E d+1 , opToroHajiBHaa npoeKipin KOToporo Ha 
E d = aff (T) opH03HanHa h coBnapaeT c pasSnemieM T (cm. [5] [13, H]). 

TeopeMa 2.3. IJoAuodp Qr, nocmpoennuu no KanoHunecKou nopMupoene s neAAemcA otce- 
uepampucou 8 aa T. OSpamno, ecAU 3adaua nenomopaA otcenepampuca pa36uenuA T, mo cy- 
ipecmeyem KanonuHecKaA nopMupoena s omozo pa36uenuA. 
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,n,OKa3aTejit.cTBo stoh TeopeMBi pa3o6teM Ha hbckojibko jieMM. 

JleMMa 2.4. Bee zunepzpanu noAuadpa Qq-, Hejintovnuecn nod&eMaMU odnou u moil cnee d- 
AueuKU P C T , napaAJieA'bHU dpyz dpyzy. 

J.JoKa3ameAbcmeo. B onpepejieHHH Qq- opH03HaHHo 3apaHa (appiiTHBHasi) c^yHKpHH npnpa- 
ipeHHH HopMajin npn nepexope ot HHeftKH P t _\ k cMencHoft anefiKe P,: g [Pi- 1 , Pi] = s (P 8 _i P) P t ) n i-\q. 
BocnojiB3yeMCH appn t hbho h Bepcneft TeopeMBi 11.41 hto6bi npoBepuTB, hto npiipaipemiH 3apa- 
k»t o^H03HaHHyio cj^yHKipHo n (Pj) HopMajin. P^ocTaTOHHo npoBepHTB, hto nojiHoe npnpaipeHHe 
bpojib jiio6oro (d — 2)-npHMHTHBHoro nyTH [P tl . Pi 2 ,..., Pi t+1 = P ti ] paBHO Hyjno. To ecTB npo¬ 
BepHTB yCJIOBHe Yfj=l S (Pi; f| Pij+i) n ij,ij +1 = 0. 

/JaHHaa penB (d — 2)-ripiiMHTHBHa, 3HannT Bee ee sneiiKH copepxcaT o6ipyio (d — 2)-rpaHB 
F d ~ 2 . Otmcthm, hto npnpaipeHHe Ha ynacTKe penn Bnpa [Pi, Pj, P,J paBHO Hyjno. OTciopa one- 
bhpho, hto nojiHoe npnpaipeHHe paBHO npHpaipeHHio ripn o6xope Bonpyr F d ~ 2 , yMHonceHHOMy 
Ha HHpeKc penn othochtcjibho TaKoro o6xopa. HHpeKc mbi onpepejiaeM KaK KOJinnecTBo pa3, 
KOTopoe Gbijia nponpena npoH3BOjiBHasi rnneprpaHB P, p| P i+1 paHHoii penn. Ilpn stom npoxo- 
pBi b HanpaBjieHHii o6xopa Bonpyr F d ~ 2 cHHTaeM co 3HaKOM njnoc, b oGpaTiioM — co 3HaKOM 
MHHyc. npiipaipemie npn o6xope Bonpyr F d ~ 2 paBHO KpyneHHio HopMiipoBKH s Bonpyr F d ~ 2 h 
paBHO Hyjno no onpepejieHHio KaHOHHHecKofi hopmhpobkh. 3HaHiiT h nojiHoe npnpaipeHHe paB- 
ho Hyjno. TaKHM o6pa30M, (J^yHKpHH n (Pp onpepejieHa opH03HaHHo, HopMajin Bcex nopteMOB 
Pi b Q paBHBi, a caMH nopteMBi — napajuiejiBHBi ppyr ppyry. □ 

CjiepcTBHe 2.5. JJea nod&eMa P, P’ C Qq- odnozo u mozo cnee d-MHozozpanHUKa P C T 
npedcmaeAAwm odny u my cnee zpanb omozo noAuodpa mozda u moAbKo mozda, Kozda uMemm 
xornn 6u odny odinym mouny. 

JleMMa 2.6. OpmozonaAbnaA npoenyuA ua T 3ee3du npou3eoAbHoil (d — 2 )-zpanu F d ~ 2 
noAUddpa Qq- odH03Hauua. 

/ JoKa3ameAbcmeo. npepnojionoiM, npoenpHn HeopH03HaHHa, Torpa HaftpyTca pBe pa3JiHH- 
HBie (f-rpami P h P' c nepeceKaronpiMHCH no BHyTpeHHefi Tonne npoeKpnaMH. Siian ht P h P’ 
HBJI5HOTCH nopT>eMaMH OpHOH H TOI1 JKB rf-HHeilKH pa36lieHHH F. IIo yCJIOBHIO 3TH pBa nopT.eMa 
copepncaT oGipyio rpaHB F d ~ 2 . CorjiacHO caeacTBmo 12.51 nozi'BeMBi P h P' coBnapaiOT, to ecTB 
npepcTaBjunoT opHy h Ty nee PrpaHB nojnisppa. IIpoTHBopeHHe. □ 

JdoKa3ameAbcmeo meopeMu \2.3\ Bni6epeM bhvtph Ka^Kpofi nneiiKH Pj. C T Tonny pf.. IlycTB 

Pfc_i,Pfc — pBe CMe>KHBie nnefiKH b T, Pk-i,Pk C Qq -pBa CMejKHBix nopteMa P^-i, Pk, a 

Pk-i G Pk-itPk G Pk — tohkh 3thx nopT>eMOB, nepexopaipHe b Pk-i h pk npn opToroHajiBHofi 
npoeKpHH. 

ySepi-IMCH, HTO BeKTOp Pk-lPk = Pk^lPk OpH03HaHHO OnpepejieH JIHHIB BBlSopOM HHeeK Pk -1 
h Pk- ^encTBHTejiBHO, ecjiH Pk -\, Pk C Qq — pBa ppyrnx hx cmchchbix nopn-eMa, to no jieMMe 
12.41 HMeeM Pk-i || Pk- 1 , Pk || Pk- OTciopa oneBHpHo, hto Pk-i (J Pk HBjiHeTca napajuiejiBHBiM 
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nepeHocoM Pk-i U Pk bpojib HopMajin noTE d . Ho Torpa cooTBeTCTByiorpiiH BeKTop pk-ipk paBeH 
CBoeMy napajuiejiBHOMy nepeHocy Pk-iPk- 

TaxiiM o6pa30M onpepejieHBi BeKTopHBie npiipaipeHiiH v [Pk- 1, Pk] — Pk-iPk Ha napax cMenc- 
hbix HneeK pasGriemiH T. BocnojiB3yeMca appiiTHBHOH Bepcneii TeopeMBi 11.41 hto6bi noxasaTB, 
hto Taxiie npuparpeHHH sayaioT oynosmrTnyTo BeKTop-cJmTKpuio v (P) Ha (i-HHeiiKax P pa3- 
SneHHH T . /Jjih 3Toro pocTaTOHHo noxasaTB, hto Ha jho6om (d — 2)-npiiMHTHBHOM pHKjie b 


T npnpaipeHHe paBHo Hyjno. PaccMOTpHM (d — 2)-rpaHB F d 2 h hphmiithbhbih b Hen phkji 
\P U ..... . P, m = PjJ. nycTB P, , — iTCKOTopaH rpaHB Gt c npoeKpuefi: P tl . 9ra rpaHB opno- 
3HaHHO onpepejiaeT nopT.eM F d ~ 2 c Pp h cooTBeTCTByiorpyio npiiMHTHBHyio b F d ~ 2 penB 
. no jieMMe [ETH opToroHajibHaa npoeKpHH Stg T ^F d_2 ^ Ha T opH03HaHHa. Otcio- 

pa BBiTeKaeT, hto rpaHH P n h Pj m coBnapaioT, Tax nee kbk h cooTBeTCTByiorpHe tohkh p^ h . 
npnpaipeHHe bpojib penn P n ..... P lrn paBHo v 


P P 

1 l\ ? * * * 7 1 l n 


P P 

1 11 5 1 12 


PhPi2 + • • • + Pim-lPim = PilPil + • • • + Pim-lPim = PilPi , 


+ v 
= 0 


P P 

- 1 !2 ) 1 !3 


p p 

1m— 1 5 


TaKHM o6pa30M, npripaipeHiiH KoppeKTHo 3apaioT HeKOTopyio BeKTop-cJiyHKpHio v (. P ), onpe- 
pejieHHyio opH03HaHHo, c tohhoctbio po BBiSopa HanajiBHoro 3iTa x ieiTn>T Ha opHofl cfniKcupoBaH- 
hoh HnefiKe. 3apapHM 3HaneHHe v (P 0 ) = p 0 . Torpa 3HaneHHe v (Pk) = v (P 0 ) + v [ P 0 ,..., P k \ = 
Po + PoPi + • • • + Pk^iPk, rpe Pi — 3TO TOHKa c npoeKpueii p tl jieacaipaa b d-rparoi Pi C Gt, 
nopHHTOH bpojib paHHofi pemi [P 0 ,.. ., P k ], a p 0 — p 0 . TaKHM o6pa30M v (Pk) = Po + PoPk = Pk- 
To ecTB 3HaneHHe v (Pk), c ophoh ctopohbi, onpepejieHo opH03HaHHo, c ppyrofi — iipHHapjiencHT 
npoH3BOJiBHOMy nopteMy Pk C Gt sneiiKH Pf.. CorjiacHo npejuioaceHHio 1231 Bee TaKHe nopteMBi 
coBnapaioT h npepcTaBjinioT opHy h Ty xce rpaHB Gt- TaKHM o6pa30M Hap KancpoH FrpaHBio P 
H3 pa36iieHHH T ecTB b tohhocth opHH ee nopteM, npHHapjie>KarpHH nojinappy Gt- 3HaHHT op- 
ToroHajiBHasi npoeKpHH Gt Ha E' z opH03HaHHa. B HacTHocra, oTciopa cjiepyeT, hto Gt aBjiaeTCH 
OpHOJIHCTHOH HaKpBIBaiOrpeH E d , a 3HaHHT HBJIHeTCH d-MHOrOo6pa3HeM H HCeHepaTpiICOH. 

^ji a poKa3aTejiBCTBa TeopeMBi b oSpaTHyio cTopoHy, pocTaTOHHo BBiSpaTB pjiH Kancpofi d- 
rpami HceHepaTpiicBi HopMajiB c (d + l)-on KooppiiHaTofi paBHofi —1. TeM caMBiM 6ypyT 3apaHBi 
ripHpaipeHHH HopMajin (Bee 6ypyT napajuiejiBHBi E d ) h HopMHpoBKa s . JlerKo BHpeTB, hto oHa 
6ypeT KaHOHHHecKOH. □ 


2.4 ^eHepaTpnca KaK (JjyHKpHH 

M 3 opH03HaHHocTH npoeKpHH Gt Ha cjiepyeT, hto Gt aBjiaeTca rpacjiHKOM HeKOTopofi (JiyHK- 
pHH G(x) : E cl — > M. 3Ty (JiyHKpHio, KaK h caMy nocTpoeHHyio noBepxHocTB, TaKJKe 6ypeM 
Ha3BiBaTB >KenepaTpiTcoi ; T. 

JleMMa 2 . 7 . nyemt, P — npou 360 AbHan d-fineum pa36uenuA T, [Po-..., Pk = P] — neno- 
mopan pent., coeduHAwipan Po c P, mosda 3aa aw6ou napu monen X\,X 2 G P eunoAHeuo 

k- 1 

G(x 1 ) - G(x 2 ) = (xi - x 2 ) t ^2 s [Pi n Pi+i^j n i)i+ 1 

i=0 


13 
















GJoKa3ameJibcmeo. IIo onpe^ejieHino, tohxii )xeHepaTpncbi Hap pnieHxoH P HMeioT Blip {x, G(x)), 
rpe x G P. IIo nocTpoemiio, sth tohkh jie>KaT b rf-iuiocxocra c HopMajibio no+XlpTo 1 s (Pi D Pi + i ) n i,i+i, 
rpe n 0 = (0,..., 0, -1) T G E d+1 , n M+1 || E d . H 3 opToroHajibHocTH HMeeM: 

( k -1 

^2 s (Pi Pi P i+ i^j n M+ i + n 0 

i =0 



k -1 

= ( x i - x 2 ) t ■ ^ s [Pi p| Pi+ij n M+ 1 + (G(xi) - G(x 2 )) • (-1) 

i =0 

t Ito h TpeSoBajiocB poxa3aTb. □ 

CjiepcTBne 2.8. IJycmb 3adana mourn x G P C T■ IJycmb manatee [P 0 , P 1; ..., P^ = P] 
npou360AbHaji yenb, coeduHAtotpan nauajibHyn) nueuny nocmpoenun atcenepampucu Pq c P, a 
mourn Xi,... ,Xk eu6pa.HU man, umo x t G Pi- 1 P| Pi . Tozda 

k—1 k —1 

G(a:) = s ( P * Pi Pi+1 ) n M+i “ S ( P * Pi Pi+1 ) n M+i 

2=0 2=0 

/JoKa3ameJibcm6o. IIo nocTpoemiio P 0 JieaaiT b iijiocxocth x d+l = Ob pacmiipeHHOM npocTpaH- 
cTBe E cZ+1 . 3HaHHT G(x 1 ) = 0. Torpa G(x) = G(x)—G(x 1 ) = (G(x) — G(xk))+Yli =1 (G( x %+ 1 ) — G(xi)). 
IIo^cTaBiiM BBipajKeHiia pjia sthx pa3HocTeil 113 jieMMbi I2TT1 h npiiBepeM nopoSHbie. □ 

BypeM nojiB30BaTBC3 cTaHpapTHbiM oSosHaneHneM epi G pjis Haprpacjnixa JxeHepaTpiicbi 
epiG = {(x,y) G E d x M| y ^ G(a;)} C E d+1 . 

JleMMa 2.9. /feygpaHHUu yzoji npu npou360Abuou (d — 1 )-zpauu Hadzpatfiuna epiG Meubwe 
pa,36epHymo20. 

/.JoKa,3ameJibcm60. PaccMOTpiiM jxpoii3BojibHbm pByrpaHHbifi yroji Haprpacjnixa, o6pa30BaH- 
HblH CMeJKHBIMH nOflteMaMH P. P' C Gt d-MepHBIX >T T TOeK P, P' C T. I I[)H nOCTpoeHHH >Ke- 
HepaTpHCBi pjia P 6buia sapana HopMajib hp npepcTaBjieHHaH b k a itoitpt t t e ckom BHpe hp = 
no + s (Pi p| Pi,i+i) n^j+i, rpe cyMMa xoHenHa h BbrnncjiaeTca bpojib HexoTopofi penn b 
T C E d , n^j+i || E d , a no = (0,..., 0, —1) — BexTop c epHHCTBeHHoii —1 b (d + 1)-om pa3pa- 
pe. TaKHM o6pa30M, (d + l)-aa xooppimaTa hp Taxace paBHa —1, n pjia P mojkho xoppexTHo 
onpepejiHTb “BepxHee” h “HHJXHee” nojiynpocTpaHCTBa oTHociiTejibHo af f (^P^j : “mDXHee” — to, 

b xoTopoe BbixopuT hp. Y P h P' oSipaa (d — l)-rpaHb, nosTOMy pocTaTo^Ho noxa3aTb, hto 
xot 3 6bi opHa TOHxa P' jie>xHT b “BepxHeM” nojiynpocTpaHCTBe (6e3 rpaHnpbi) oTHocnTejibHo 
aff (^P^j . H 3 3Toro 6ypeT cjiepoBaTb, hto bch rpaHb P' (xpoMe Toaex P P| P') jieacHT b stom 

nojiynpocTpaHCTBe. 3 to h 6ypeT osHanaTb, hto pByrpaHHbifl yroji Me>xpy hhmh (othochiu;hhc 2 
x epi G), MeHbine pa3BepHyToro. 
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PaCCMOTpHM npOH3BOJIt.Ht.IH 0Tpe30K XqX 2 C E J THKOH, HTO Xq G Int(P) , X 2 G Int(P') H 
0Tpe30K nepeceKaeT rnneprpaHB Pf)P' b Tonne x±. IIo jieMMe [2771 HMeeM G{x{) — G{xq) = ( x± — 
xo) T (hp — n 0 ). OneBH^Ho, hto ypaBHemie y — G(x o) = (x — xo) T (hp — n 0 ) PnjiocKocTb 

aff (p'j- 3h anHT /yin tomkh (x 2 , y 2 ) G aff (^P^j HMeeM y 2 —G(x 0 ) = (x 2 —x 0 ) T (hp—n 0 ). H 3 toh 

nee .JieMMbi I2T71 HMeeM G(x 2 ) — G(x 1 ) = (x 2 — Xi) T (hp — n 0 + s (P p) P r ) n'), r^e n' — eflHHHHHas 
HopMajib k Pf|P', HanpaBjieHHan otPk P 1 . OTcro^a G(x 2 ) = y 2 + (x 2 — xi) T s (P P| P') n'. 
BeKTop (x 2 — Xi) nepecenaeT Pf]P' h HanpaBjieH CTporo BHyTpb P', HopMajib n' k Pf)P' 
TaKjne HanpaBjieHa BHyTpb P', s (P P) P') > 0. 3HamtT (x 2 —Xi) T s (P P| P') n' > 0 h G'(x 2 ) > y 2 . 
JleMMa flona3aHa. □ 

TeopeMa 2.10. }Kenepampuca Qp pasduenun T, nocmpoennaA no KanoHuuecKou nopMupoene 
s, 3adaem eunyKJiyw Henpepuenyw KycouHo-AUHeunyw fyuKynw G(x) u, coomeemcmeenHo, 
neAnemcn zpanuyeu eunynAoso (d + 1 )-Mepnoeo noAuodpa. 

/JoKasameAbcmeo. KyconHaa jiHHefiHocTb G(x) cjie^yeT H3 onpe^eneHtm xceHepaTpncbi, Henpe- 
pbiBHocTb — H3 TeopeMbi 12.31 OcTaeTcn noKa3aTb BbinyKjiocTb G(x), to ecTb hto /pur jho6oh 
napbi Tonen x,y G E (i 0Tpe30K, coe^HHSHotpHH tohkh (x,G(x)) h (■ y,G(y )), nptmafljiexcHT 
HaflrpacJ)HKy epiG(x). J\rh jhoSoto Manoro e > 0 b e-onpecTHocTti x h y HaftflyTca, coot- 
BeTCTBeHHo, tohkh x' h y', KOTopbie jiencaT CTporo BHyTpti HenoTopbix ri-nneeK pa36iteHHH T, 
npHMasi x'y' He nepeceKaeT (d — 2)-octob pasSneHHH T, a (d — l)-rpaHti nepeceKaeT He 6ojiee 
neM no o/jhoh Tonne. ^eficTBHTejibHo, BbiGepeM cHanana b onpecTHocTnx x h y tohkh x'" h 
y'", He nptiHa/i,jie:>Kain,He T d ~ x . 3 to mojkho c^ejiaTb, Tan KaK (d— 1)-octob HBjineTCH jioKajibHo- 
KOHeHHblM oGbe/I.HHeHHeM MHOJKeCTB d-MepiTOH Mepbl Hyjlb bE i! . B |-OKpeCTHOCTHX x"' H y'" 
BbiGepeM tohkh x" h y" TaK, hto HanpaBjieHHe x"y" He napajuiejibHo hh o^hoh (d — l)-rpaHH 
pasCmeTTHH T. 3to bo3mohcho, TaK nan Tannx rnneprpaHeH cneTHoe KOJinnecTBo, Ka>K/ia>T H3 
hhx “3anpetu;aeT” HanpaBjieHtiH HenoToporo npoeKTHBHoro (d — 2)-no^npocTpaHCTBa PW 1 ^ 1 . IIo 
TeopeMe Bopa, oST-e^HHeHite cneTHoro nncjia Tannx no^MHoncecTB Mepbi Hyjib He noKpbiBaeT 
HHKaKOe OTKpbITOe MHOvKeCTBO B npoeKTHBHOM npocTpaHCTBe PM d Bcex HanpaBjieHtiH B E d , B 
tom HHCJie — HHKaKyto OKpecTHocTB HanpaBjieHtiH x'"y'". HaKOHen;, cnpoeKTHpyeM Bee rpaHH 
(d — 2)-ocTOBa K. d ~ 2 B^ojib HanpaBjieHHH x"y" b ^onojiHHTejibHoe (d — l)-no,n;npocTpaHCTBo 
(oTHoctiTejibHo E d ). rpaHH ocTOBa nepen^yT b cneTHoe hhcjio MHororpaHHtiKOB pa3MepHocTH 
He 6ojiee (d — 2), to ecTb MHoxcecTB Mepbi Hyjib b stom (d — l)-no,n;npocTpaHCTBe. 3 to mho- 
mecTBO He noKpbiBaeT |-oKpecTHOCTti tohkh, b KOTopyio npoeKTtipyeTCH caMa npHMasi x"y". 
3HanHT, Hafl^eTCH napajuiejibHbiH nepeHoc npnMoit Ha BeKTop ^jikhm He 6ojiee kotopbih He 
nepeceKaeT K. d ~ 2 . 06pa3bi Tonen x" h y" ripn otom nepeHoce o6o3HanHM x' h y', KOTopbie h 
ecTb HCKOMbie TOHKH. 

PaccMOTpHM ^ByMepHyio njiocKOCTb it G K d+1 , KOTopaa coflepxcHT npHMyio x'y' h opToro- 
HajibHa E cZ . JXah jho6oh tohkh z npaMoti x'y ', cooTBeTCTByrorpaH TOHKa jKeHepaTpticbi (z, G(z)) 
TaKJKe npHHafljieacHT n. IIo nocTpoeHHio 7 r nepeceKaeT tojibko d h (d — l)-MepHbie rpaHH T, 
nptineM (d — l)-MepHbie — Tojibno b o^hoh Tonne. OTcro^a cjie^yeT, hto to ace caMoe BepHo h 
fljis nepeceneHHH tt c Qp. 

MHoxcecTBo M Ha3biBaeTCH AonaAbno eunynAUM b Tonne x, ecjin Hafi^eTCH Tanoe otkpbi- 
Toe MHoxcecTBo U 3 x, hto M f]U BbinyKjio. IIoKameM, hto Ha/T,rpa(})HK epiG\ x i y i cJjyhkhhh 
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G(x), orpaHHHeHHofi Ha npHMyio x'y', HBjmeTCH jiOKajiBHO Bt.myKjit.iM. /Ijih BHyTpeHHiix tohck 
na/i.rpacJjHKa h BHyTpeHHiix Tonex cypioMepnT.ix pe6ep iTayrpa({)HKa sto OHemi/iTTO. BepmiiHBi 
epi G\ x i y i — nepeceneHiie 7 r c BHyTpeHHocTBio (d— l)-MepHBix rpaHefi Qp. CorjiacHo jieMMe I2T91 
^ByrpaHHBiii yroji b (d— l)-rpaHHx Qp MeHtme pa3BepHyToro. OTciofla cjieflyeT, hto Ha^rpacjniK 
epi G jiOKajiBHO BBinyKjiBifi bo BHyTpeHHiix tohkhx (d — l)-rpaHefi: ^ocTaTOHHO paccMOTpeTB 
mapoByio OKpecTHOCTB cooTBeTCTByiomefi tohkh, He nepeceKaiomyio ^pyrnx rpaHefi Qp. Ta- 
khm o6pa30M epiG\ x i y i b jno6ofl cBoeft BepmHHe nBjineTCH nepecenemieM jiOKajiBHO BBinyKjioro 
b 3to0 TOHKe epi G h BBinyKjiofl ^ByMepHofi njiocKocTti. OTcio^a epiG\ x i y > TaKnce HBjmeTCH 
jiOKajiBHO BBinyKjiBiM b BepmiiHax, a 3HaHHT 11 bo Bcex cboiix TOHKax. 

BocnojiB3yeMCH TeopeMofi Bep^oHa [T8, TeopeMa 7.5.1] o tom, hto 3aMKHyroe jirmeimo- 
CBH3HOe JiOKajiBHO BBinyKJIOe nO^MHOHCeCTBO ^ByMepHOII njIOCKOCTH HBJIHeTCH BBinyKJIBIM. H 3 
TeopeMBi cjie^yeT, hto epiG\ x / y > BBinyKjiBifi. 3HaHtiT eMy npimafljieiKiiT BecB 0Tpe30K coeflii- 
HHTO TTT iifi (x',G(x')) h (y',G(y')). 3HaHiiT stot 0Tpe30K npriHafljieiKriT h Ha^rpacJiiiKy epiG. 
Tax KaK G HenpepBiBHa, a tohkh x', y' BBiSupajmcB ckojib \to/itto 6jih3ko k x. y. to h 0Tpe30K, 
coeflHH5noiii,Hfi (x, G(x)) ii (y,G(y)), TaKxe npimafljieiKiiT epiG. TeopeMa ^;oKa3aHa. □ 

Cjie/jCTBue 2.11. OyHKpuA otcenepampucu G(x) HeompupameAbna ua E J . 

/I,OKa3aTejiBCTBo. no flOKa3aHHOMy, Ha^rpacjmK epiG(x ) BBinyKjiBifi. THneprpaHBio 3Toro Ha,a;- 
rpacJiiiKa HBjmeTCH 7-Mepiia>T nnefiKa I], — HanajiBHan unefiKa nocTpoeHiin ixeHepaTpiicBi. H 3 
BBinyKjiocTH cjie^yeT, hto epi G(x) jieaciiT b o^hom nojiynpocTpaHCTBe oTHocHTejibHo rnnep- 
njiocKocTii aff (P 0 ) = { x d+1 = 0}. □ 


3 >KeHepaTpnca BopoHoro 

3.1 BbiHHCJieHHe 3HaHetfflii 

BepHeMCH k pasGiieHiiHM Ha napajuiejiosflpBi. nycTB b npocTpaHCTBe E J 3a,n;aHo HopMajiBHoe 
pa36neHHe 7 p, nopoHynpHHoe napajuiejiosflpoM P, 11 cyrpecTByeT KaHOHHHecKaa HopMHpoBKa 
s 3Toro pa36iieHiiH. no onpeflejieHino napajuiejiosflpa, Ka>K/ia>T nnefiKa 3Toro pasSiieHim cob- 
MeipaeTCH c Kanynpfl ^pyrofi npn noMonpi HeKOToporo napajuiejiBHoro nepeHoca. JlerKo ycTa- 
HOBiiTB, hto TaKofi napajuiejiBHBifi nepeBo^HT pa36neHiie Tp b ceSn [2]. OTcio^a, KaK ynce 
ynoMHHajiocB, cjie^yeT, hto peHTpBi napajuiejios^poB pasGneHHH o6pa3yioT d-MepHyio pejio- 
HiicjieHHyio pemeTKy A d (P) rjik HeKOToporo 6a3iica b E d . BeKTopa stoii pemeTKii — b toh- 
hoctii BeKTopa Bcex napajuiejiBHBix nepeHocoB E d , coxpaiiHioiuiix pa36iieHHe Tp. Ecjih npti 
Bcex TaKiix nepeHocax HopMHpoBKa s Ha rnneprpaHHx Tp coxpamieTCH, to 6yn,eM Ha3BiBaTB 
ee mpaHCAAyuoHHo uHeapuanmnou . ,II,OKa3aTejiBCTBo cjie,nyioiii;e0 jieMMBi 6bijio npefljioiKeHo A. 
TapSepoM b jihhhbix oScyjK^eHHHx. 

JleMMa 3.1. Ecau 3aa damoeo pa36uenuA Tp cyipecmeyem HeKomopan KanoHUHecKan nop- 
Mupoem s, mo cyipecmeyem u mpancAAyuoHHo uneapuanmnaA KaHOHUHecnan nopMupoena 
dannoso pa36uenuA. 
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/doKa3ameAbcmeo. BniGepeM npoH3BOJit.Ht.ifi napajuiejiospp Po paHHoro paaGneHtm. Ecjih 
H opMHpoBKti Ha KaKO0-TO ero nape npoTHBonojiotKHBix rHneprpaHefi F\ h F[ He paBHBi, to 
ti3 jieMMBi 11.71 cjiepyeT, hto Bee (d — 2)-noprpami Pi cTappapTHBi: ecjnt ecTB xoth 6bi opHa 
npiiMHTHBHan, to efi cooTBeTCTByeT 6-noncoK, copeptKaipiifi F 3 ti F[ h corjiacHo 3 to 0 jieMMe, 
s(Fi) = s(F[), hto HeBepHo. Torpa 3aMeHtiM HopMitpoBKit Bcex rtmeprpaHefi b 7p napajuiejm- 
hbix F] Ha s{F l ). JlerKo BiipeTB, hto Bee sth rpamt — cyTB napajuiejiBHBie nepeHocw F \, npit 
KOTopnix pa36neHHe nepexopHT b ce6it. 3HaHtiT, no poKa3aHHOMy, TarcaH 3aMeHa hopmhpobkh 
3aTpoHeT jihihb 3Be3pbi cTaH^apTHBix ( d — 2)-rpaHefi. H 3 npepjioxceHHH 11.81 cjiepyeT, hto b 
K ancpofi ti3 3 thx ( d — 2)-rpaHefi HOBasi HopMiipoBKa ocTajiacb KaHOHtiHecKofi (to ecTB KpyneHtie 
Bonpyr paHHofi (d— 2)-rpaHti paBHo 0). 3HaHHT h b pejioM HOBaa HopMiipoBKa — KaHOHitnecKan. 

TaKitM o6pa30M, MoxceM cHirraTB, hto HopMiipoBKa s coBnapaeT Ha npoTHBonojio>KHBix rpa- 
hhx P 0 . 3HantiT napajuiejiBHBie nepeHocni P 0 BMecTe c ero HopMHpoBKofl Ha BeKTopa pemeTKti 
A d (P) KOppeKTHO 3a^aiOT HeKOTOpyiO TpaHCJIHpHOHHO HHBapiiaHTHyiO HOpMItpOBKy s'. IloKa- 
xceM, hto s' TaKJKe KaHOHHHecKan. Kpynemte A s / (F d ” 2 ) Bonpyr npoH3BojiBHofi (d — 2)-rpami 
pa36iteHtiH paBHo KpyHemno hopmhpobkh s' Bonpyr HeKOToporo (P d_2 ) / — napajuiejiBHoro 
nepeHoca F d ~ 2 , KOTopnifi npiiHapjiexcHT Po- IIosTOMy cpa3y cHHTaeM, hto F d ~ 2 C Po- Ecjih 
F d ~ 2 cTappapTHa, to h 3 npejuioaceHtig IT~8l cjieiiveT A s / (P d ~ 2 ) = 0. Ecjih F d ~ 2 npiiMHTHBHasi, 
to o6o3HaHHM Hepe3 F 2 h P 3 rtmeprpaHH P 0 , copeptnarpHe F d ~ 2 , [F 1; P 2 ,..., P 6 ] — cootbct- 
cTByioipiifi 6-noncoK, P 0 -TpeTBH nineprpaHB pasGriemm, copeptnarpaH F d ~ 2 . IIo jieMMe ITT71 jjig 
HexoflHofi HopMHpoBKti s ti HaKpecT jieHcaipHx rtmeprpaHefi Po h F { tiMeeM s(Fi) = s(F 0 ). Ilo 
onpepejieHino s' BBinojmeHo s'(F 0 ) = s(Fi) = s(F 0 ), s'(F 2 ) = s(F 2 ), s'(F 3 ) = s(F 3 ). KpyHemie 
HopMtipoBKii s Bonpyr F d ~ 2 paBHo 0, h ero cjiaraeMBie b tohhocth paBHBi cjiaraeMBiM npyHemiH 
HOpMtipOBKH s' BOKpyr F d ~ 2 . 3HaHHT A , 5 / (p d_2 ) = A s (p d ~ 2 ) = 0. 3HaHtIT s' — KaHOHHHeCKaH 
H TpaHCJIHtpiOHHO HHBapHaHTHaH. □ 


,H,ajiee cntiTaeM, hto 3apaHHaH Ha pa36HeHiiti 7p KaHOHHHecKan HopMiipoBKa s TpaHCjmpn- 
ohho HHBapnaHTHa. CorjiacHo npriBepeHHofi b pa3pejie 12.21 KOHCTpyrcpHii, 7p h s o/inosnaHno 
3apaioT xceHepaTpHcy Qp C. E d+1 . OacerrmuM eenmopoM pasSiieHiiH 7p Ha3BiBaeTCH bchkii® 
BeKTop, coepHHmorpHfi peHTpni pByx cMetKHBix no oSrpefi rnneprpaHH tmeeK. 3a(J)HKCHpyeM 
HeKOTopyio HHefiKy ptnfmemvA P 0 . IlycTB {P ] . P 2 .... P k } — Bee napajuiejiosppBi, cMetKHBie c 
Po- IJ,eHTp jmefiKH Pj o6o3HaHHM c{Pj). OneBH ji ho, Bee cjiaceTHBie BeKTopa pa36HeHHH mojkho 
npeflCTaBHTB b Biipe p, = c(Po)c(P;) (Bee stii BeKTopa pejmTCH Ha napni paiorpiix b cyMMe 
hojib). TaKtKe o6o3HaHHM rip = s(Po p| -P*) n o,j- ^epe3 P( p) 6ypeM o6o3HanaTB Komiio napaji- 
jiejiosppa P c peHTpoM b TOHKe p. 

JleMMa 3.2. JJ,aa npou360AbHux undeKCoe i,j eunoAneno paeeucmeo pfnij = p^rrij. 


/JoKasameAbcmeo. Bbihhcjihm 3HaneHHe G(pi+P 2 ) cnocoSaMti: b^ojib penn [Po, P(pi), P(pi + Pa)] 

H BPOJIB pemi [Po, P(p 2 ), P(pi + P 2 )]. CepepHHBI OTpe3KOB (0,Pi) H (pi,pi + p 2 ) HBJIHIOTCH 
peHTpaMH CHMMeTpHH cooTBeTCTByioipHx nap cMetKHBix napajuiejiosppoB ti ripHHapjietKaT co- 
OTBeTCTByioipHM rtmeprpaHHM. Bni6epeM sth tohkii Xi = ^ h X2 = Pi + t KaK BcnoMora- 
TejiBHBie, nojiotKHM x = pi + P 2 h BocnojiB3yeMca cjiepcTBtieM 12.81 riojiynaeM 


G(pi + p 2 ) = (pi + p 2 ) T (mi + m 2 ) 



T 

mi + 
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TyT mm Bocriojib30BajiHct> HaGjiiOfleHHeM, hto nmeprpaHB Meac^y P(pi) n P(pi + P 2 ) na- 
pajuiejiBHa rnneprpaHH Menyny P(0) h P(p 2 ), 3HannT nx HopMann napajuiejiBHBi, a hopmh- 
poBKii paBHBi. AHajioniHHo fljis BTopofl penn HMeeM G(pi + P 2 ) = (pi + p 2 ) T (mi + m 2 ) — 

^ T m 2 + (p 2 + ^-) T mij. IIpHBo^HM nopoSHBie h nojiynaeM TpeSyeMoe paBeHCTBo. □ 

IlycTB V = ( p 1 1 ... p/J — 9 to MaTpnpa d x k, cocTaBjieHHan H3 Bcex c[>aceTHMx BexTopoB 
napajuiejiosppa P 0 , r^e z-n cTOJiSen; npepcTaBjieH BexTopoM p*. MaTpnpa Ad = (mil ... |m fc ) 
— MaTpnpa, cocTaBjiemma no TeM xe npaBnjiaM H3 BexTopoB m,. 

JleMMa 3.3. /Jaa npou3eoAbHux yenux uuceA 4,..., 4 u eenmopa L = (4,..., 4) eunoAne- 
ho: 

G (4pi + ... + IkPk) = — (4pi + • • • + IkPkf (4 m i + • • • + 4 m fc) = -LP T AiL T 

/ JoKa3ameAbcmeo. PaccMOTpnM BcnoMoraTejiBHBie tohxh x\ = ^,X 2 = pi + ..., = 

(4 - l)pi + ^,x h+1 = hp 1 + ^f, • • = hPi + ... + (4 - l)p fc + Ecjih HexoTopoe 

li oTpnpaTe jibho, to paccMaTpnBaeM cjiaraeMoe 4Pi xax || (—p*)- BocnojiB3yeMcn cjiepcTBneM 
12.81 IlepBoe paBeHCTBo H3 yoxasMBaeMon penonxn nojiynaeTcn npHBeyenneM noyofmux n nc- 
nojiB30BaHneM jieMMM 13721 BTopoe paBeHCTBo — MaTpnnHan 3anncB nojiynennoro BMpaxeHnn. 
□ 

3aMenaHHe. H 3 cAedcmeuA I A 81 nanpAMyio eumeKaem, umo eenmop (limj + ... + 4rcifc) = 
ML T neAnemcA zpaduenmoM G nad AHeilKou P (4pi + ... + 4p&)• 

3jieraHTHoe poxa3aTejiBCTBo cjiepyroipen jieMMM npaxTnnecxn pocjiobho noBTopneT poxa- 
3aTejiBCTBo H3 paSoTM [15]. JXa'a nojmoTM H3.no>K('ini>T n caMoyocTaToniTocTH paSoTM mm npn- 
BOflHM ero b TepMHHax xaHOHnnecxnx HopMiipoBox. 

JleMMa 3.4. Cyvyecmeyem eduHcmeeunaA cuMMempunnaA HeeupocAcdennaA d x d Mampuya 
Q manasi, umo Ad = QV. 

/ JoKa3ameAbcmeo. BmSepeM Ha6op HHpexcoB {4, ■■■,4} C {l,...,fc} Taxon, hto BexTopa 
p ?1 ,..., Pi d jiHHeHHo He3aBHCHMM. Taxon HaSop 113 d 4)aceTHBix BexTopoB o6n3aTejiBHo Han- 
percn, Tax xax, no oneBiipHMM npnnnHaM, nojiHMil Ha6op p 1; ..., p^ cbohmi-i pejionncjieHHMMH 
jiHHeiiHMMH xoMSnHapnHMH nopoxpaeT pemeTxy A d (P) [2|. 06o3HannM nepe3 Pq mhhop V 
COCTaBJieHHBIH TOJIBXO H3 CTOJlSpOB p t| , . . . , p trf , Ado MHHOp Ad. COCTaBJieHHMH H3 CTOJlSpOB 
c TeMH xe iippexcaMii. IIo BBiSopy P 0 — HeBMpoxpeHHan MaTpnpa. 

H 3 paBeHCTBa p/m ? = j)Jrri ( cneyven hto V 1 A4 = Ai 1 V n Vq Ad = Ai^V. 06o3HannM 
Q := (Pq ) 1 AA.t, Torfla Ad = (Pq ) 1 Ad^P = QP. OTcio^a, b nacTHocTH, m ; = Qpi n 
cjie,a;oBaTejiBHo Ai 0 = QPq- 3HannT fljis Q Tax>xe BMnojmeHo Q = Ad 0 Pq 1 , oTxy^a Q = 
(Pq) Ady — (AdoP q 1 ) = Q T , to ecTB Q cnMMeTpnnHa. 

H 3 paBeHCTBa Ai = QP n H3 toto, hto paHr MaTpnnpi Ad (HopMajien x rnneprpaHHM napaji- 
jiejios^pa P) paBeH d, cne^yeT, hto paHr d x d MaTpnpni Q Taxnce paBeH d n Q HeBBiponynpHa. 
EflHHCTBeHHocTB cjie^yeT H3 HeoSxo^HMoro paBeHCTBa Aio = QPo ■ □ 
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Cjie/jCTBue 3.5. IJycmb x 
G(x) = | x t Qx. 


yenmp npou360AbHou fineuKU P(x) pa36uenuA Tp. Tozda 


/ JoKa3ameJit>cmeo. U,eHTp npoH3BOJiBHoro napajuiejios^pa pasGnemm npe^cTaBjiHeTca b Bii^e 
HeKOTopoH pejioHHCJieHHofl jiHHeilHofl KOM6nHan,HH x = Z1P1 + ... + IkPk = VL T . IIo neMMe [3731 
G(x) = G (/ipi + ... + 4-p k) = \LV J M.L 1 , hto no neMMe EHEl paBHo \ ( LV T ) QVL 1 = ^x T Qx. 
□ 


06o3HannM nepe3 Q(x) KBa^paTHHHyio (JiopMy Ha E d , 3a,n,aHHyio cHMMeTpnnHon MaTpnpen 
Q : Q(x) = \x t Qx. Henocpe^cTBeHHo H3 onpe^eneHnn n cjiencTBng 13.51 cnenveT 

IIpe/],jio>KeHHe 3.6. 3naHeHUA Q(x) u G(x) ua yenmpax napaAAeAoadpoe pa36uenuA Tp 
coenadamm. 

JleMMa 3.7. OopMa Q(x ) noAocncumeAbHo onpedeAena. 

T(oKa3ameAbcm6o. ,H,oKa:>KeM cHanana, hto Q(x) HeoTpnpaTejiBHo onpe^eneHa. /I,eHCTBHTejiBHo, 
ecjin fljia HeKOTopofi tohkh x* BBinojmeHo Q(x*) < 0, to cyrpecTByeT He co^epjKarpag Hyjm 
mapoBag OKpecTHocTB Bs(x *), Ha tohkbx KOTopofi Q(x) Taione oTpnpaTejiBHa. 3 hbhht Q(x) 
oTpnpaTejiBHa Ha Bcex tohkbx KOHyca Ha# B$(x*) c BepiHHHofi b Hyne. 3 tot KOHyc coflepxcHT 
map ckojib yro^HO Sojinmoro pa^nyca, a 3HamiT co^epxcHT HexoTopyio Tonxy x\ pemeTKii 
A d (P). Torfla, c o^hoh ctopohbi, Q(x a) < 0, c flpyroii Q(x a) = G(x a) ^ 0 no cjieflCTBHio 
12.111 npoTHBopemie. 3HannT Q(x) HeoTpupaTejiBHa onpe^eneHa. KpoMe toto, no neMMe 13.41 
MaTpiipa Q HeBBipojK^eHa, 3HanHT Q(x) nonoxaiTejiBHo onpe^eneHa. □ 


TeopeMa 3.8. rpafiuK Keadpamunnou (fxjpMU Q(x) — 3AAunmunecKuu napa6oAoud np C 
E d+1 . np enucau e cHcenepampucy Qp u mcaemcA ee nad eceMU yenmpaMu nueeK pa36uenuA 

T P . 

J3oKa3ameAbcmeo. To, hto np HBjmeTCH sjuiHnTHHecKHM napaSonoH^oM, oKBimaneHTHo neMMe 
o 3HaneHHg Q(x) h G(x) coBnaflaioT Ha# peHTpaMii nneeK Tp. ^OKameM Kacamie hx rpa- 

(J)HKOB B 3THX TOHKaX. J\aA 3TOTO flOCTaTOHHO flOKa3aTB nponoppHOHajIBHOCTB Tpa^HeHTOB B 
peHTpe x npoH3BojiBHoii MHeiiKii. nycTB x BBipaxcaeTCH nepe3 (JiaceTHBie BeKTopa b BH^e peno- 
HHCJieHHOH JIHHeHHOH XOM6liHaH,HH X = Z 1 p] + . . . + IkPk- CoTJiaCHO 3aMeHaHHK> K JieMMe 13.31 
rpa^neHT G(x) Ha# HHefixofi P(x) paBeH Zimi + ... + 4mt. H 3 neMMBi 13.41 sto BBipaxceHHe 
paBHo l\Qpi + ... + IkQpk = Qx. Tpa^neHT Q(x) paBeH Ox bo Bcex Tonxax. Kacamie /ipxasa- 
ho. OcTanocb 3aMeTHTB, hto sjuirniTHHecKiiH napaSojioHfl — cTporo BBinyKjioe (d + l)-MepHoe 
Teno h jieiKHT CTporo b o/];hom nojiynpocTpaHCTBe othociitcjibho jho6oh cBoefi KacaTejiBHofi 
njIOCKOCTIl. □ 
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3.2 HcKOMoe acJxjiHHHoe npeo6pa30BaHHe 

no TeopeMe H3 jiHHefiHOH ajireSpBi, cyipecTByeT HeBbipojK^eHHoe jiHHefiHoe npeo6pa30BaHHe Ad, 
npn kotopom nojio>KHTejiBHo onpe^ejieHHaa xBaflpaTHHHaa (J)opMa Q nepexo^HT b cTaH^apT- 
Hyio KBaflpaTHHHyio (j)opMy c eflHHHHHOH MaTpupefi / = diag (1,1, OSbihho sto yTBep- 

jK^eHHe 4)opMyjiHpyeTCH b TepMHHax 3aMeH Koop^HHaT h no,n;pa3yMeBaeT, hto xBa,npaTHHHOH 
(J)opMe Q(x) cooTBeTCTByeT Taxan c|)opMa Qa, hto ^;jia Bcex x G E d BepHo Qa ( AdX ) = Q(x). 
Mbi noxaaceM, hto jiHHefiHoe npeo6pa30BaHHe Ad, c tohhoctbio pp flonojiHHTejiBHBix napaji- 
jiejiBHBix nepeHocoB, HBjineTCH hcxombim ac^HHHBiM npeo6pa30BaHHeM, nepeBOflaipuM hcxo^- 
hbih napajuiejios^p P b HexoTopBifi napajuiejios^p BopoHoro. 

OToSpaaceHne Ad '■ E d —> E d npoflOJiacaeTca po HeBBipojK^eHHoro jiHHefiHoro npeo6pa30Ba- 
HH 2 Ad+i : E d+1 —* E rf+1 no npaBHjiy Ad+i '■ ( x d+ 1 ) ^ ( ^l +\), PAA npon3BOJiBHon x G E d n 
x d+1 G R. Tor^a A d = A d + i| x d+i =0 . 

OToSpanceHne Ad nepeBo^HT pa36neHne Tp npocTpaHCTBa E rf b pa36neHne AdTp, nnenKn 
KOToporo coBMeiTpiroTCH xaac^an c KaJK^on ripn noMoni,H npnxpnyr Tn ero napajuiejiBHoro nepe- 
Hoca. 3HannT MHororpaHHHK AdP Taxace HBjiaeTca napajuiejiosflpoM n AdTp = Tp d p. 

JleMMa 3.9. Omo6paofceHue Ad+i nepeeodum napadoAoud Ape cmandapmumu napadoAoud 
A r — |y — (y 1 ,... ,y d+1 ) T | y d+1 = Ylt=i (y*) 2 j? OKenepampucy Gp — e otcenepampucy Ga<iP 
pa36uenuA Tp d p■ Ptpu emoM n/ enucan e Gp d Pj a npoeKyuu mouen Kacanun —■ cyme yennipu 
napaAAeAoadpoe pa3duenuA TA d p- 


JdoKa3ameAbcmeo. no onpe^enemno A d + i (q^,)) = ( q(^ ) = ( Q^(A d x) ) • 3 HaHHT Am n p C 


y G E d |. Tax xax Ad HeBBipoac^eHo, to pjia npon3BojibHoro y HaftfleTca npo- 

I p = n/. H3 onpe^ejieHnn cjie^yeT, hto Ad+i nepeBo^HT npoexpnn 
4)nryp Ha E d b npoexpnn o6pa30B sthx cjmryp Ha R d . Oxciopa cjie^yioT ocTajiBHBie yTBepac^e- 
HH2 JieMMBI. □ 


n ' = {U»> 

o6pa3 x. 3h hhitt Ad- 111 

?d 


JleMMa 3.10. Pa3duenue TA d p neAnemcA pa3duenueM na napaAAejioadpu Boponozo. 

/(oKa3ameAbcmeo. JJps cTaH^apTHoro napaSojioH^a n/ paccMOTpiiM cJ)oxyc F h /prpexTpHcy 
D: Tonxy (0,... , 0, |) G E d+1 h rimepnjiocxocTB {^y d+l = —cooTBeTCTBeHHO. H3BecTHBiH 
c|)axT, hto n/ — MHoacecTBo TOHex paBHoyflajieHHBix otFhD. nycTB tohxh Ti h T 2 — toh- 
xh xacamra rHnepnjiocxocTeH //, pi II, c IT/, Tonxa M — npoH3BOJiBHan Tonxa H3 
T". T", M" — opToroHajibHBie npoexipiH cooTBeTCTByiomHx Tonex Ha flHpexTpncy, a T[. T' 2 , M' 
- hx opToroHajibHBie npoexpHH Ha E d = { y d+l = 0}. no, Tax Ha3BiBaeMOMy, onTHnecxo- 
My CBOHCTBy napaSojIOH^a, F H T" CHMMeTpHHHBI OTHOCHTejIBHO Hi, F Ii T" CHMMeTpHHHbl 

oTHocHTejiBHo H 2 . Tax xax M G H\ f] H- 2 , to MT" = MF = MT". OTcio^a, oneBH^Ho, 
M"T" = M"T 2 . H 3 napajuiejibHocTH rHnepnjiocxocTeH { y d+1 = — |} h { y d+1 = 0} cjie^yeT, 
hto h pjia npoexpHH Ha E c/ BBinojiHeHo M'T[ = M'T 2 . 3HaniTT, b cnjiy npoH3BojiBHocTH BBiSopa 
M, npoexpHH H\ P) H 2 Ha E c/ — sto (d — l)-njiocxocTB, paBHoy^ajieHHaH ot Tonex T[ h T 2 , to 
ecTB cpe^HHHBiH nepneH^HxyjiHp x OTpe3xy T[T 2 . 
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I IyCTB T\ H T 2 — TOHKH KaCaHHH npOH3BOJIBHBIX /TBVX IT HOOK I\ H P) 113 Q A d P c II/. 0 T ie- 
bh^ho, P\ npHHafljiejKHT oflHofi H3 ^Byx nojiynjiocKocTeH, Ha KOTopnie H\ n»2 pa36nBaeT II \. 
IIpoeKpHH 3 toh nojiynjiocKOCTH Ha K d — d-nojiynjiocKOCTB, orpaHHHeHHaH cpe^HHHBiM nepneH- 
^HKyjiapoM k OTpe3Ky T^'T^: {x € K d : ||x — T[\\ ^ ||x — T^H}. IlycTB TOHKa T cJniKcupoBaHa, 
a T 2 npoSeraeT Bee ocTajiBHBie tohkh Kacamm xceHepaTpHCbi II/. IlepeceHeHHe nocTpoeH- 
hbix nojiynjiocKocTeii rHnepnjiocKocTH II\ paBHo caMofi rpaHH P\ C GA d p • IIpoeKpiiH yannoro 
nepeceHemm, c o^hoh ctopohbi — sto [x e E d : ||x — T[ || ^ ||x — p|| , Vp G \ d (^F)} — na- 
pajuiejios^p BopoHoro ^jih pemeTKH A d (AdP)- C ^pyrofl CTopoHbi — sto npoeKpim rpaHH 
xceHepaTpHCbi, to ecTB d-MepHan HnefiKa pa36neHHH Ta a p- □ 

TeopeMa 3.11. runome3a Boponozo eunoAnena 3 aa neKomopozo napaAAeAoodpa P mozda u 
moAbKo mozda, Kozda cyipecmeyem KanonuHecKaA uopMupoena pa36uenuA Tp. 

/JOKa3ameAbcmeo. IIpHMeHHH nocjieflOBaTejibHo jieMMv [3711 TeopeMv 12.31 TeopeMv 13.81 h jieMMy 
13.101 nojiynaeM penoHKy paccyjK^eHHH: H3 cympcTBOBaHHH HeKOTopofi KaHOHHHecKOH hopmh- 
poBKH panGnennH Tp ene/ryeT c y m,ecTB ob an h e TpaHCjmpHOHHo hub a p it hi t t i t o h k a t t o t t it t t e a k o it 
HO pMHpOBKH. 11J) HBepeTTTTaiT B pa3Jejie 12.21 KOHCTpVKHHH no 3TOH HOpMIipOBKe 3a/T,aeT KOppeKT- 
ho onpeyejTennyTO >Ke nap an p it ay. b KOTopyio BniiaaiT rj/a c|)itk cooTBaTCTByioiTieiT nojioxaiTejibHO 
onpeflejieHHofl KBa^paTHHHOH (JiopMBi Q. AcJxJniHHoe npeo6pa30BaHiie, npiiBo^mpee rpacjniK 
3Tofi (JiopMBi k BH^y cTaH^apTHoro napaSojioii^a Bparpemm, 3aflaHHoro g^hhhhhoh MaTpiipeii, 
nepeBo^HT n ap a jut ear osap P b napajuiejioa/ip BopoHoro. B o/rny cTopoHy TeopeMa ROKasana. 

^;oKa3aTejiBCTBa TeopeMBi b oSpaTHyio CTopoHy otmgthm, hto r;jih npoH3BOJiBHoro pa3- 
SneHHH Ha napajuiejio3,n;pBi BopoHoro cyrpecTByeT nceHepaTpHca: ,n,ocTaTOHHo hor;hhtb tohkh 
pemeTKH peHTpoB A d (Pv) Ha cTaHflapTHbifl napa6ojionfl 11/ h npoBecTH nepe3 hhx KacaTejiBHbie 
njiocKocTH k napaSojioH^y. 3 tii KacaTejiBHbie njiocKocTH orpaHHHHBaioT HeKOTopbiii BbinyKjibiH 
(d+ l)-nojiH3R;p, onHcaHHBiH okojio II/. AHajiorHHHo ,n;oKa3aTejiBCTBy jieMMbi 13.101 HMeeM. hto 
npoeKpHH nojiyHeHHoro nojins^pa — to xce caMoe pa36neHHe Ha napajuiejiosflpbi BopoHoro, d- 
Mepnan rpaHHpa nojins/ipa — xceHepaTpnca pasSHemm. 3HaHHT ecjin Hamjiocb acJxJiHHHoe npe- 
o6pa30BaHHe, nepaBOHiripee napajuiejiosflp b napajuiejiosflp BopoHoro, to oSpaTHoe acJxJiHHHoe 
npeo6pa30BaHiie pacx HceHepaTpricy ncxo/pToro pa36iieHHH. Orciopa. corjiacHo TeopeMe 12.31 y 
iicxoRiToro pa36neHHH ecTB k ano t i ith eaKa it HopMHpoBKa. □ 

Cjie^CTBHe 3.12 (TeopeMa yKiiTOMiipcKoro). Bcakuu (d — 2)-npuMumueHuu napaAAeAoadp 
P afifiuHHo 3KeueaAeHmeH nenomopoMy napaAAeAoodpy Boponozo. 

/doKa3ameAbcmeo. IIo jieMMe [T.lOl iuig pasSHemia Tp cyrpecTByeT KaHOHiiHecKan HopMHpoBKa, 
3HaHiiT no TeopeMe 13. 11 1 ajia P BepHa rnnoTesa BopoHoro. □ 


3.3 Bjiaro^apHOCTH 

Abtop HCKpeHHe GjiaroflapiiT H.n. ^ojiSiuiima, P.M. Appana. A.H. TapSepa, A.H. Mara3imo- 
Ba 3a peryjmpHbie h n jt op( >t bo pnine oScyjK^eHHH h peHHbie saMi'HaTinn, B.II. TpumyxiiHa 3a 
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peflKiie, ho peHHbie pa3roBopt>i h npeflocTaBjieHHbie otthckh Ba>Kin,ix fljisi iTaniicaiiHM /pinnon 
paSoTBi cTaTeii H. /IpBuca h O. AypeHxaMMepa. Zlamiau pa6oTa 6 but a BBinojiHeHa b 3aMe- 
naTejiBHBix /yuT paSoTBi ycjiOBHsx b Queen’s University b r. KnTircTon, Onrapno, Kanaka. 
KOJiJieKTHBy KOToporo aBTop TaKJKe BBipa>KaeT cboio HCKpeHHioio Gjiaro^apHocTB. 
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